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Abstract

In this paper we present a new approach to reasoning about actions and cau-
sation which is based on a conditional logic. The conditional implication is inter-
preted as causal implication. This makes it possible to formalize in a uniform way
causal dependencies between actions and their immediate and indirect effects. The
proposed approach also provides a natural formalization of concurrent actions and
of the dependency (and independency) relations between actions. The properties
of causality are formalized as axioms of the conditional connectives and a non-
monotonic (abductive) semantics is adopted for dealing with the frame problem.

1 Introduction

Causality plays a prominent role in the context of reasoning about actions, as the ram-
ification effects of actions can be regarded as causal dependencies. In this context,
causal rules are intended to express causal dependencies among fluents, and, intu-
itively, their being directional makes them similar to inference rules: if we are able
to derivea then we can concludg8. The necessity for and the usefulness of causal
rules has been widely recognized in the literature [2, 29, 26, 42]. Many approaches
for reasoning about actions have been proposed which allow causal dependencies to
be captured [10, 27, 30, 42, 2]. Schwind [38] has studied how causal inferences have
been integrated and used in action theories by analyzing four formalisms, which are
approaches to action and causality, and comparing them with respect to criteria she
established for causality. Namely, the article analyses Lin’s approach [26, 27], Mc-
Cain and Turner’s causal theory for action and change [30, 44], Thielscher’s theory of
ramification and causation [42], and Giordano, Martelli and Schwind’s dynamic causal
action logic [10].



More recently, Zhang and Foo [45, 4, 5] propose to extend propositional dynamic
logic, where actions are modalities, by introducing modalities which are propositions.
Sentenced causes)” is represented by the formula]v, where[¢] is a new modality.

Note that this representation corresponds to a conditional logic approach, since the
EPDL formula[¢]¢ can be interpreted as the conditional formila> +». Zhang and

Foo’s approach has the merit of providing a clean representation of causation as well
as a uniform representation of direct and indirect effects of actions.

In this paper we propose an approach to causality based on conditional logics.
Causality is represented by a binary logical operator, the conditional operatér
conditional formulad > B is intended to model the causal law: "A causes B”.

The properties of causality (as, for instance, those discussed in [38]) are reflected
in the axiomatization of the conditional operator.

Traditionally, considering a conditional as a causal implication has frequently at-
tracted the attention of researchers in conditional logic and in Al ([21, 22, 33]). Bennet
in [1] proposes a counterfactual analysis of causation which relies on a distinction be-
tweeneventandfact or state of affairgheories of causation. Causality is also a very
important concept in the framework of action systems

[29, 26, 42, 38, 11, 45, 15]. In this context, causal implication can occur between
different types of assertions:

e An action can cause a fact to become true or
e A fact can cause another fact

In the first case, the causal implication defines also a state transition: if the action is
executed then the results caused by it will become true in the “next state”. On the other
hand, for the second, we assume that the caused fact does not lead to a next state, but
it produces modifications on the current state: caused facts are regarded as indirect (or
ramification) effects of actions. So we can also find Bennet's distinction in theories
of actions. Of course, both, the prerequisite and the consequence of a causal law can
be more complex. Two actions can cause together a fact. An action can cause a fact
provided that another fact holds. Actions and facts (or more general, formulas) can
also cause other causal implications. The only restriction we adopt is that a causal
implication cannot itself cause other facts or formulas.

Since we want to model causality in the context of reasoning about actions, our
objective is to develop an integrated model of actions and causality: we aim at cap-
turing causal consequences of actions and causal consequences of facts (or formulas)
by one single conditional operator: the causal latvcausesB” is represented by the
conditional formulad > B and the action law “actiom causes propositiod” is
represented by the conditional formula(a) > C, wheredo(a) is a special atomic
proposition associated with each action This uniform representation of the causal
relationship between actions and their results as well as between facts and their effects
gives us a great flexibility for handling both concepts in a simple way when represent-
ing actions. For example, in this setting, concurrent execution of actions is naturally
modelled by conjunctions of the fordw(a;) A ... Ado(a,) in the antecedents of con-
ditionals. It is also very natural to express dependency (and independency) relations
between actions and actions, actions and propositions, etc.



In this paper we define the properties of the causality operator by introducing suit-
able axioms which rule the conditional implication. Our causality operator turns out
to be non-monotonic and weaker than the one proposed in [45], as it does not entall
material implication, which is accepted in [45].

In the following subsection we provide some motivations for the properties we have
chosen for causality.

Motivations for the axiom system

We have not adopted a standard conditional logic like Lewis system VCU [31, 23], but
we have rather chosen the axioms of this logic which, in our opinion, represent wanted
properties of causality and omitted other axioms which instead represent unwanted (or,
at least, doubtful) properties. Moreover, we have introduced one axiom, CE, which is
new for conditional logic. And we have a modal conditional logic, since in addition to
the conditional operator, we have a modal operator for representing general world laws
(supposed to be true in every state).

The axiom system we define is motivated by its representational properties as well
as by its logical properties. From the action and causality theory viewpoint, our choice
is motivated by the following considerations:

1. Causality is certainly NOT reflexive. We assume that no fact should cause itself,
unless itis a tautology. Observe, thit> A is not acceptable for the causal laws
in which the effects are not simultaneous with their causes. And we do not want
to postulate that effects must be simultaneous with their causes: an action causes
its results, which become true after its execution. Therefore, the identity axiom
(ID)A > A does NOT belong to our axiom system. Moreover, in presence of
the identity axiom supra-classicality would be derivable, i. e. fford — B,
F A > B can be deduced. We think it is not very intuitive to assume that any
tautological implicatioldd — B defines a causal lind > B.

2. We are ready to accept that, for all tautologieand for all formulasB, B > A
holds, thatis, a tautology is caused by everything. We do not regard this inclusion
to be harmful as all tautologies hold anyhow in each state of the world. Moreover,
this property follows from rulé RC K') (see below), which is one of the basic
inference rules of conditional logic and which we certainly want to keep.

3. (CS) AANB — (A > B) should not be a property of causal implicatioA:
and B could both hold conjunctively withoul being a cause aB. From the
fact that in the current state "there is sun” and "I have a cold” we do not want to
conclude that: "sun causes cold”.

4. Monotonicity
Classical implication is monotonic. That means frem— B we can deduce
A NC — B. But we have many reasons to assume, that causal implication
is NOT monotonic. For example, fromaining causes wetit does not follow
thatraining and being under my umbrella causes W&k can obviously imag-
ine many examples of this form: if a fact causes another fact then there might



very frequently exist another fact which hinders the causal result to be produced.
Therefore, we think, that the lak > B — (A A C) > B should not be a
property of causal implication.

. Nevertheless, under some preconditions, we may accept or even want a weak-
ened form of monotonicity. In the case when the added precondition does not
contradict the original precondition, we want to continue to conclude the causal
consequence of a formula after adding the new precondition. For taking into ac-
count this property, we use Axiof©'V)—(A > -C)A (A > B) - (AANC >

B), which allows to weaken a precondition of a causal law thus introducing a
weak form of monotonicity. As we will see, axiofC'V) is very useful for
describing interactions (such as independency) among actions and facts.

. Axiom (MP) (A > B) — (A — B) has been widely used implicitly or ex-
plicitly in the literature on causality [29, 26, 6, 45, 15]. Makinson discusses its
use for nonmonotonic reasoning [28]. We do not want to inclMiB2 because

it allows to derive material (classical) implication from causal implication and
annihilates its temporal aspect. An action or a fact has a causal consequence but
this caused consequence may be delayed: the action occurs or the fact holds and
this makes its caused results true. IncludingP) would lead to unwanted con-
clusions when contraposition, modus tollens, monotonicity or any other property
of classical logic is applied to the material implication which can be derived by
(M P) from the causal implication. For this reason we do not inclddeP) in

our logic.

To clarify the problem, let us refer to thmuitcase problenpresented in [26]:
There is a suitcase with two locks and a spring loaded mechanism which will
open the suitcase when both of the locks are in the up position. Consider the
following causal law: "lock 1 open and lock 2 open causes the suitcase to open”
(up1 N\ ups > open). Assume that in the initial state lock 1 is up and lock 2

is down and the suitcase is closddig;, ~up2, ~open}). We would expect that
flipping lock 2 in the up position would cause the suitcase to open (assuming that
lock 1 persists in the up position). This solution can be obtained by applying the
causal law above to concludeen from up; A ups. If we accept{ M P), we can
deriveup; A ups — open, which is equivalent te-open A ups — —up;. Then

we could get the solution that flipping lock 2 in the up position causes lock 1
to flip in the down position (assuming thabpen persists). This is certainly an
incorrect conclusion.

Observe that M P) can either lead to unwanted conclusions or not, depending
on the way causal laws are used to compute the immediate and indirect effects of
actions. As we will see, in our approach all the formulas in the causal theory and
their consequences are used to compute the immediate and indirect effects of ac-
tions. Using the material implications, that are derivable from causal laws in the
presence of M P), to compute indirect effects of actions gives the unintended
outcomes.

Moreover, axiom M P), which is(A > B) — (A — B), makes it possible to
derive(A > B)A—-B — (A — () for any formulaC'. Hence by using/ P, we



get that for anyA and B, such that “A causes B” holds, whenew@ris not true,
A implies everything. To illustrate this property, let us consider the following set
of sentences:

(a) “raining causes Tim to become wet”
(b) “Tim does not become wet”

From this we conclude then “If it rains the moon is made of green cheese”

The second reason for not includiqd/ P) in our axioms, comes from the fact

that we do not want to exclude causal relations in which the effects are not si-
multaneous with the causes (though our formalism does not represent explicitly
all the intermediate states). In such cases the material implication between the
causes and effects appears to be unintended. Given the sentence: "Yellow fever
causes death”, which says that death is caused by yellow fever (but possibly with
a delay with respect to the contraction of iliness), we are not ready to accept the
sentence "Yellow fever implies death” or "Not death implies not yellow fever”.

7. Given a causal law A causes B, we want to be able to derive B whenever A holds.
This is obviously a useful property of causal implication and we want to retain
it even without keepingM P). For that purpose, we introduce an new axiom,
(CE), which is weaker thaii) P) and allows for a sort of modus ponens for
causal implicationi{ca > (A > B)) A (ca > A) — (ca > B). (CE) allows
to deduce thaB holds after an actiona wheneverca cause§ A > B) andca
causesd. Note, that{ CE) is a logical consequence @/ P) in the systenC K.

8. Reasoning by cases is an important property of causal inference. Consider a
circuit with two switches and a lamp. If we know that toggling one of the two
switches causes the lamp not to be alight, and we do not know which of the
switches has been toggled, we only knew, V sw2, then we want to be able
to derive—light. For that we need axioniCA), (A > C)A (B > C) —
((AvB) > (), which allows to deducew; V swy > —light from swy > —light
andswsy > —light.

9. The O operator is introduced for expressing that a law always holds (in every
state of the world). This also makes it possible to represent domain constraints.
O is a modal operator and has the properties of the modal systén{(reflexiv-
ity and transitivity).

10. Domain constraints must hold in all states of the world and more specifically
after each action execution. “True in all states” is expressed by meansidfe
(MOD) axiomOA — (do(a) > A) relates the modal operatorto the causal
operator> and makes it possible to derive that a constraint, which is true in all
states, is also true after the execution of an aaiion

The paper is organized as follows. In the next section, we introduce the conditional
action logic and we show its completeness and decidability. The decidability result
gives also a complexity bound. In section 3 we show how this logic is used to formalize
action theories and we illustrate some properties of our formalism by examples. In
section 4 we compare our approach to related work and section 5 concludes.



2 The Causal Action Logic AC

The languageC~. of our action logic is that of propositional logi€ augmented with
a conditional operator and the modal operatdf. The set of propositional variables
in £, Var, includes the sefdo(a) : a € Ay}, whereA, is a set ofelementary
actionsincluding the “empty” action. In the following, we assume that the conditional
> has higher precedence than the material implicatiomand that all other boolean
connectives have higher precedence thailso we assume that is right associative.

Formulas are defined as usual except that we assume that only propositional for-
mulas in£ can occur as antecedents of conditional formulas. Hence, in a conditional
A > B nested conditionals (or modalities) can only occuBinand we do not allow
statements likéC' > D) > B. As we mentioned in the introduction, we do not ad-
mit that a causal law causes anything. In fact, we believe that the interpretation of the
statemen{C > D) > B as a causal law is not straightforward.

Intuitively, DA means thatd necessarily holds, i.e. holds in every state of the
world. A > B means that A causes B. In particular, whéris an action predicate
do(a), do(a) > B means that executing actiancausesB to hold. Let us point out,
thatdo(e) > B is NOT equivalent to B (and therefore does not entail B).

Let ca represent a finite conjunction of action formutaga;) A ... A do(a,,) for
a; € Ap,1 < i < n.Weintroduce the following axiom system for logi.

Definition 1 [AC] The conditional logic AC is the smallest logic containing the fol-
lowing axioms and deduction rules:

(CLASS) All classical propositional axioms and inference rules
(CV)-~(A>-C)AN(A>B)— (ANC > B)
(CA)(A>C)AN(B>C)— ((AvB)>()

(CE) (ca > B) A (ca > (B > C)) — (ca > C), whereC € L a propositional
formula

(MOD) OA — (ca > A)

(K) O(A — B) — (0A — OB)
(4)0A — 00A

(T)OA — A

(RCEA)if- A — B, then (A > C) = (B > C) whereA and B are propositional
formulas.

(RCK)if- A3 A...ANA, — B, then- (C > A;))A...A(C > A,,) = (C > B)
for any propositional formulg’ € £

(NEC) if - A then- OA

1A possible interpretation is: “under the hypothesis thiat- D holds, B is caused”, which, however, is
a “hypothetical” interpretation of the (external) conditional, rather than a “causal” interpretation.



Note that all axioms and inference rules are standard in conditional logics and, in
particular, they belong to the axiomatization of Lewis’s lo§iC'U (see [23]). As a
difference, we have excluded several of the standard axioms of conditional logics such
as (ID), (MP) and (CS) based on the motivations we have presented in the previous
section.

Referring to the discussion in section 1, let us see that AD} A together with
(RCK) entails the rule of supra-classicality:

ifF A— B then- A>B

by

(1) A — B hypothesis

(2) (A> A) — (A > B) from (1) by RCK
(3) (A > A4) (ID)

(4) A > B from (2) and (3) by (CLASS)

Observe also that (MR)A > B) — (A — B), which is not an axiom of our logic,
allows a contrapositive use of causal laws. In fact, (MP) is classically equivalent to
(A> B)A—B — —Aand it entails, by classical inference,

(5)(A> B)A-B — (A —C)

for any formulaC'. (5) states that whenever causal law> B belongs to a theory4
implies everything, provided tha@ does not hold. We think that this is not acceptable
in our logic and it does not hold in it.

Let us now explain the axioms of AC. Our logic contains axioms and rules of the
standard minimal conditional logic (CK) as well as additional axioms (CA) and (CV),
which are also standard in conditional logic systems. Moreover, we have added one
new axiom (CE), which is not standard in conditional logics. (CE) allows action laws
and causal laws to interact, it provides the chain effects between causal laws and action
laws. (CE) says that the causal consequences of action effects are in turn action effects:
If the execution of the concurrent actions causesB to become true and ifa also
causes the causal implicatio® > C') thenca also cause€’. (CE) weakens (MP) as
it is clear from the following formulation of (CE)

(ca > (B>C)) — ((ca > B)— (ca >C)),

which can be obtained from (MP) by (RCK). (CE) has similarities with the prop-
erty of transitivity " RANS-) of >: (ca > B)A (B > C) — (ca > C). For
standard conditional logic with reflexivity (ID), addin@ AN S~) would collapse

the conditional implication to material implication. But this is not the case for our
causal action logic AC, since identity > A is not an axiom. (CE) requires that
the causal lanB > C holds as a consequence of the execution of the actions

As we will see in our action theory causal laws do not necessarily hold in all pos-
sible states, as they may have preconditions which make them hold in some states
only. As an example of a causal law with precondition consider the following one:
O(at(y,r) — (at(z,7) > at(y,next(r))) which says that if blocly is atr then mov-

ing block z to positionr causeg, to move to a next position (see example 4 below). It



should also be noted that the instance of (CE) witk= do(¢), (do(e) > B)A(do(e) >

(B > C)) — (do(e) > C) does not entai{M P), sincedo(e) > X is not equivalent

to X, as pointed out at the beginning of this section. Observe also that in axiom (CE)
the formulaC ' is restricted to be a propositional formula.

(MOD), (4) and (T) define the properties of the necessity opefatarhere (MOD)
defines the relationship between the conditional and the modal operator. In particular,
(4) and (T) say thatl has S4-properties. The three axioms allow to dedude —

(can > (can—1... > (cay > A)...) for any finite sequence of concurrent actions
cay,...can (n > 0) including the empty sequence, meaning that a fornulahich

is alwaystrue is also true after the occurrence of any finite sequence of concurrent
actions. The deduction is by induction an

Forn =1, we havedA — (ca; > A) (MOD)

Forn > 1:

(1) DA — O0A (4)

(2)00A — (ca,, > OA) (MOD)

(3)0A — (can—1 > ...(cay > A)...) induction hypothesis

4) (cap, > OA) — (can > (can—1 > ...(ca; > A)...) from (3) by
(RCK)

(5) 0A — (can, > (can—1 > ...(ca; > A)...) from (1), (2) and (4) by
(CLASS)

So, the subsequent occurrence of actions determines subsequent states of the world
according to time, although time is not represented explicitly in our formalism. MOD
requires action execution formulag as causal implicantiA — (B > A) is not valid
in our logic whenB is not a conjunctiora of action execution formulas. We restricted
MOD to action formulas since we do not think that general laws, which hold in every
state of the world, should be causal consequences of any formula. Instead they should
hold after any execution of actions.

Observe that, as a difference withC'U in which ad modality is defined through
the conditional operator, &SA = (—A > 1), we have introduced an independent
modality O, characterized by (4) and (T) and we have related it to-theperator
through the interaction axiom (MOD). This makes this causal logic weaker than the
one we introduced in [13], which instead adopts the definition ¢firough the condi-
tional connective. While in [13] we wanted to stay as close as possible to a standard
conditional logic likeV CU, in this paper we have preferred to include in the logic the
less axioms as possible, namely, those axioms which are motivated by properties of
causality. In particular, we have neither included the definitiomah terms of the
conditional operator>, nor the axiomb A — ©OA (which would give S5 structures,
rather then S4 structures). Their introduction, in fact, is not needed as it cannot be
motivated by properties of causality.

Entailment- is defined as usual and given a set of formlashe deductive closure
of E is denoted byl'h(FE). AC is characterized semantically in terms of selection
function models.

Definition 2 An AC-structureM is a quadruple{WV, f, R, [[]]), where W is a non-
empty set, whose elements are called possible wofldsalledthe selection functign



is a function of typel x W— 2% R C W x W is theaccessibility relatiorfor O, [[]],
called the evaluation function, is a function of tyfe — 2" that assigns a subset
of W, [[4]] to each formula4. Let us noteR(w) = {w’ : R(w,w’)}. The following
conditions have to be fulfilled by ]]:

(1) [[A A Bl| = [[A]l N [[BI];
(2) [=A)] = W — [[A]]
(3) [[A> B]] ={w: f(A w) C [[B]]}
() [[0A)) = {w: R(w) < [[A]}).
Using the standard boolean equivalences, we oljtdiv B]] = [[A]] U [[B]], [[A —

Bl =W —[[A]) VB [[T]] = W, [[L]] = 0.
We assume that the selection functifrsatisfies the following properties which
correspond to the axioms of our logic AC:

(S-RCEA) if[[A]] = [[B]] then f (4, w) = f(B, w)

(S-CV) if (A, w) N[[C]] # 0 then f(A A C,w) C f(A,w)

(S-CA) f(AV B,w) C f(A,w) U f(B,w)

(S-CE) if f(ca, w) C [[B]] thenValProp(f(ca,w)) C ValProp(f(B, f(ca,w)))
(S-MOD) f(ca, w) C R(w)

(S-4) if R(w,w’) andR(w’, w") thenR(w, w"), for all w, w’, w” € W

(S-T) R(w,w), forallw € W

whereca is a finite conjunction of action$(a; ) . . . do(a,, ) fora; € Agandf (B, f(ca,w))
represents the set of worlds € f(B,x) : = € f(ca,w)}. Moreover, given a set of
worlds S, ValProp(S) is the set of all the propositional valuations at the worldS§'in

We say that a formulal is true in an AC-structurd? = (W, f, R, [[]]) if [[A]] = W.
We say that a formulal is AC-valid (= A ) if it is true in every AC-structure. Given
a AC-structure M, a set of formula$ and a formulad, S =5, A means that for all
w e M if we [[B]] forall B € S, thenw € [[A]].

The above axiom system is sound and complete with respect to the semantics

Theorem 1 = Aiff - A

The completeness proof is shown by the canonical model construction [39] and can be
found in Appendix A. Moreover, the axiomatization of the logic AC is consistent and
the logic is decidable. Theonsistencyf the axiomatization comes from the fact that,
if we replace the modalitig with the formula—A > L in all axioms, we get a subset
of the axioms of VCU, which is known to be consistent. This also shows that the logic
AC is "non-trivial” in some sense.

For the proof ofdecidabilitywe refer to the Appendix B. We only mention that it
proves the finite model property for the logic AC, by showing that, if there is a model
satisfying a formula’, then there is &inite model satisfying it. The decidability proof



constructs a model of double exponential size. Hence, this provides an upper bound
for the complexity of satisfiability in AC. The problem is non-deterministic double
exponential in time (with respect to the number of propositional variablé3.in

In logic AC, formulaA > L is not inconsistent. It is easy to see that according
to our semanticsd > L is true in a statev of a model)M iff f(A,w) = 0. If Ais
an action formulalo(a), the intended meaning @b(a) > L being true inw is that
executinga in statew does not yield any resulting state: executinig not possible in
w! This is a powerful property of our logic. For example, it makes it possible to express
that two actions andb cannot occur together by formulatinig(a) A do(b) > L.

3 Action Theories

So far, we have introduced the logical language for action theories together with its
logical axiom system. In this section, we show how this logic is used for describing
systems and worlds where actions occur and causality laws hold.

3.1 Domain descriptions

We use atomic propositiong fi1, f2,... € Var for fluent names A fluent literal
denoted by , is a fluent namg or its negation-f. Given a fluent literal, such that
Il = forl=-f,we defingl| = f. We denote bya, ca, cas, . .. concurrent actions
do(ay) A ...do(ay,) for a; € Ag (including the single action do(a) for = 1). We
will denote byFx, the set of all fluent names of the foria(a), for a € Ay and by
F the set of all fluent names different frodo(a), for a € Ay. Moreover, we will
denote byLita, the set of all fluent literals built frornFa,,, and byLit the set of all
fluent literals built fromF. Finally, we will denote by small greek lettess 5, . . . any
formula not containing conditional formulas and by upper case latin lettess, . ..
arbitrary formulas.

Our action theory refers to the same ontology asSheation Calculug37]. The
Situation Calculus represents states of the wasitliation3 as sequences afctions
andfluentsas relations whose truth values vary from state to state. The situation cal-
culus is formulated in first-order logic: Situations are represented with by such as
do(ay, do(as, s)), while fluents are extended with an extra argument denoting a situ-
ation (for instancef(do(a1,do(as,s)))). In our action theory, conditional formulas
are used to describe the values of fluents at the staigs;) > do(as) > f says
that fluentf holds in the state obtained by executing actigrand then actiom, (f is
caused by executing, and therus).

We define adlomain descriptioras a tuplgIl, Frameg, Obs).

ITis a set of laws and constraints containawion laws causal lawsprecondition
laws domain constraintandcausal independency constraints

Action lawshave the form:

O(r — (do(a) > R)),
for an actiorna with preconditionr and effectR: executing actiom in a state wherer

holdscausesR to hold in the resulting state. It should be noted that our theory allows

10



for complex action effects, namely an action can have a causal forsula B as
result as it will be illustrated by the example 3. An action law with no precondition,
i.e. ™ = true, simply becomes§l(do(a) > R).

Causal lawshave the form:

O(r — (a > B)),

meaning that “ifr holds, them causesB”.
Precondition lawshave the form:

O(m = =(do(a) > 1)),

meaning that “actiom is executableéff = holds”.
Domain constrainténclude formulas of the form:

Oa

(meaning that & always holds”).
Causal independency constrairitave the form:

O(=(A > =B)),

meaning thatd does not cause B (that is, B might be true in a possible situation
caused by).
In particular, when the above constraints concern action execution, we have

O-(do(a) > —do(b)),

meaning that the execution of actiardoes not prevent actidnfrom being executed
(does not interfere with its execution). Note that as a consequence of this constraint we
have, by (CV), that

(do(a) > R) — (do(a) A do(b) > R),

namely, the effects of actiomare also effects of the concurrent executiorm @ndb,
asa does not interfere with. Moreover, by taking? = |, we get:

(do(a) > L) — (do(a) A do(b) > 1),

meaning that if: is not executable it cannot be executed concurrently tith

All domain description laws il are of the form3 A, since they hold in all states.
By using axiom (MOD), fromdA, we can deducéo(a;) > ... > do(a,) > A, for
any finite sequence of actions, . ..a, (Orca; > ... > ca, > A for any finite se-
quence of concurrent actions, . . . ca,,), as we have shown in the preceding section.
In the following we will frequently use this form of the laws Ih

Framey is a set of pair{ f,do(a)), wheref € Fis a fluent andz € Aq is an
elementary action, meaning thatis aframe fluenfor actiona, that is, f is a fluent
to which persistency applies whenis executed. Fluents which are non-frame with
respect taz do not persist and may change value in a nondeterministic way when
occurg.

2Observe that the fluents iAa, will not be subject to persistency and they can take any value in a state
independently from its value in the preceeding state
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The setF'rame, defines a sort oindependenceelationship between elementary
actions and fluents. It is closely related to dependency (and influence) relations that
have been used and studied by several authors including Thielscher [42], Giunchiglia
and Lifschitz [14], and Castilho, Gasquet and Herzig [18]. In the next section, when
addressing the frame problem in a non-monotonic formalism, we will make use of
Framey for defining persistency rules of the forim— (do(a) > ) (orl — (ca > 1),
for a concurrent actiorz) for every literall, such that|l|, ) € Framey. The meaning
of such a rule is that "if fluent holds at a state, it will persist after the execution of
actiona in that state”.

As we will see, these persistency rules are introduced state by state and they behave
like defaults they belong to an “action extension” whenever no inconsistency arises.
The Frameg-relationship is extended to concurrent actions. Let us denoférbyne
the extension of'rame, to concurrent actions, which is the smallest set satisfying the
following two conditions:

1. Framey C Frame,

2. If (f,do(a1)),...,(f,do(a,)) € Frame then(f,do(a1) A ... A do(ay)) €

Frame.

As mentioned abovestatesin our action theory are represented by action se-
quences. Each action execution leads from one state to a new state. Therefore a state
is identified by the sequenee,, ..., ca, of (possibly concurrent) actions which lead
to it from the initial state. We will denote b§.,, ... .., the set of fluent literals which
hold at the state obtained by executing the actians. . ., ca,, in the sequence. As
we will see in the next section, the set of facts which hold at a state depend on the ex-
tension of the domain description that we are considering. Once the extension is fixed,
we will refer to the sefS.,, ... ., as a state. It is the set of the literélsuch that the
conditional formula:ca; > ... > ca, > [ holds in the extension. We say that literal
[ holds at the state obtained by executing actians . .., ca,,. More generally, we
will say that a formulax holds at a state obtained by executing actians . . ., ca,,
in a given extension when the conditional formuta > ... > ca,, > o holds in the
extension. We have a special empty acticio represent thaitial state do(e) > «
means thatv holds in the initial state.

Obs is a set of observations about the value of fluents in different states. They are
formulas of the form:ca; > ... > ca,, > « (Wwhere eacha; is a possibly concur-
rent action formula of the formio(a1) A ... A do(a,)), meaning thatv holds after the
concurrent execution of the actionsda, , then those ireao, ..., then those of ira,,.
Observations about fluents in the initial state have the fés(a) > «. In the follow-
ing, when identifying a state with an action sequeagg . . ., ca,,, we will implicitly
assume thata; = do(e).

Observe that, given a state,, ¢, cai,...,ca, are the actions which have
been explicitly executed to reach the state. We can call them external actions, and they
do not include the hidden actions which might be automatically triggered as effect of
the execution of other actions (consider, for instance, the causaldaw) > do(as):
the execution of action; triggers the execution of actiarp). Though our language
does not provide an explicit representation of time, as we abandon (MP), time can be
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embedded in the operator. Given the properties of we explicitly model a delay
between happening of an action and occurrence of its effects, for external actions, while
we do not model explicitly the delay between causes and their effects in causal laws as
well as in those actions which are automatically triggered by other actions.

Let us explain the reason why we have introduced the empty action to denote the
initial state. Though we have not included (MP) in our axioms, we want that, for each
causal lawA > B which holds in a state, ifl holds thenB also holds. For all the
states except the initial one this is enforced by axiom (CE). In faet,liblds at state
Sdo(ar)....do(an) 1-€.do(a1) > ... > do(a,) > Aholds, then by (CE) we also have that
do(ay) > ... > do(a,) > B holds. Similarly, for the initial state, frondo(e) > A, by
(CE), from the causal lawo(¢) > (A > B), we getdo(e) > B. Otherwise, it would
be possible to have an initial state in whidhn — B holds though the causal lad > B
also holds in that state.

Sometimes, when we do not want to consider observations, we will use the notion
of domain framewhich is a paifIl, Framey).

Let us consider the following (benchmark) example (from [25]) treated by almost
all action theories, which formalizes an electrical circuit with two serial switches.

Example 1 There is a circuit with two switches and a lamp. If both switches are on,
the lamp is alight. One of the switches being off causes the lamp not to be alight.
There are two actions of toggling each of the switches. The domain description is the
following (fori = 1, 2):

Il: O(—sw; — (do(tg;) > sw;)) O(sw; — (do(tg;) > —sw;))
O(swy A swg > light) O(—sw; > —light)
O(~(do(tgr) > ~do(tgs))  O(~(do(tgs) > ~do(tgy)))

Obs:  do(e) > (mswi A ~swa A —light)

Frameg = {(f,a) : a € A, f € F}.

The first two rules i1 describe the immediate effects of the action of toggling a switch.
The third and forth rules are causal laws which describe the dependencies of the light
on the status of the switches. The last two laws are constraints saying that the two
actionstg, andtg, do not interfere. All fluents are supposed to be persistent and the
actionstg, andtg, are independent. As we will see, from the above domain description
we can derivelo(tg;) > —light, do(tg1) > do(tgz) > light anddo(tg,) Ado(tgs) >

(sw1 A swa Alight) (as actionslo(tg;) anddo(tg;) are independent).

Let us see the derivation of the concurrent executiotypfindtgs.

(1) (do(tg1) > sw1) A =(do(tgr) > —do(tgz))

— (do(tg1) Ado(tgs) > swy) (CV)
(2) (do(tge) > swa) A ~(do(tgs) > —do(tgy))

— (do(tge) Ado(tgr) > swa) (CV)
(3) (do(tgr) A do(tga) > sw1) A (do(tgr) A do(tge) > swa)

— (do(tgr) A do(tga) > swi A swy) from swy A swe —
swy A sws by (RCK)
(4) —swy A —swe — (do(tgr) Ado(tgs) > swy A swy) from (1), (2), (3)
and the first two laws il
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(5) (do(tg1) A do(tga) > (swi A swa > light) from the third law inlI by
(MOD)

(6) —swy A mswy — (do(tgr) A do(tgs) > light) from (5), (4) by(CE)
and(CLASS)

Observe that the above derivation is monotonic and it does not make use of any
persistency assumption. Note also that we could have avoided introdubigig in
the initial state, as it can be derived, for instance, frasw;: from do(e) > —sw; and
the forth action law we can derivi(e) > —light by (CE).

Axiom (CA) makes it possible to deduce consequences of actions even when it is
not deterministically known which action occurs.

Example 2 If the temperature is low, then going to swim causes you to get a cold.
If you have no umbrella, then raining causes you to get cold. We have the following
domain description:

IT: O(cold — (do(swim) > get_cold))
O(no_umbrella — (do(rain) > get_cold))

Obs: do(e) > (cold A no_umbrella)

Frameo={(f,a) :a € Ay, f € F}

From this theory, we can derive@ld A no_umbrella — (do(swim) V do(rain) >
get_cold) by:

(1) (do(swim) > get_cold) A (do(rain) > get_cold) — (do(swim) V
do(rain) > get_cold) (CA)

(2) cold A no_umbrella — (do(swim) V do(rain) > get_cold) from (1)
and the laws idI by (CLASS) (cut)

Note that this (monotonic) derivation also holds in the domain frame, as we did not use
the observations. Taking into accounbs, we obtain from (2) (andbs)

do(e) > (do(swim) V do(rain) > get_cold).
The following example has been discussed by Halpern and Pearl in [17].

Example 3 Two arsonists drop lit matches in two different parts of a dry forest and
each of them causes the trees to start burning. There are two scenarios. In the first
either match by itself suffices to burn down the whole forest; in the second scenario,
both matches are necessary to burn down the forest. If only one match were lit, the fire
would die down. Our formalization of these two scenarios is the following:

1. Scenario O(do(lit1) > start_burn) O(do(lite) > start_burn)
O(start_burn > burn_down)

2. Scenario O(do(lit1) > start_burn) O(do(litz) > start_burn)
O(do(lit1) A do(lite) > (start_burn > burn_down))
O-(do(lit1) > —~do(lits)) O-=(do(lite) > —do(lit1))
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Both scenarios contain the first two causal laws stating that dropping down lit matches
causes the forest to start burning. In both scenario, we can dexi#, ) v do(litz) >
start_burn using axiom(C'A).

In the first scenario we can deduce

(1) do(lity) > (start_burn > burn_down) by (M OD)
(2) do(litz) > (start_-burn > burn_down) by (M OD)
(3) do(lit1) > burn_down from (1) and by(C'E)
(4) do(lita) > burn_down from (2) and by(CE)

In the second scenario, we can deddcfit,) A do(lits) > burn_down by

(5) —(do(lit1) > —do(lit2)) independency law

(6) do(lit1) > start_burn) action law

(7) (do(lity) > start-burn) A =(do(lity) > —do(litz)) — (do(lity) A
do(lity) > start_burn) instance of CV)

(8) do(lit1) A do(lity) > start_burn from (7), (6) and (5)

(9) do(lit1) A do(lite) > (start_burn > burn_down) causal law

(10) do(lit1) A do(lite) > burn_down from (9) and (8) by (CE)

In the second scenariy(lit1) > burn_-down cannot be deduced becausgstart_burn >
burn_down) is not a causal law in scenario 2, where it is replaced by the nested causal
law. Start burning is not a sufficient cause here to burn down the forest. It is a suf-
ficient cause instead that both arsonists acted, which is expressed by the causal law
O(do(lit1) A do(lite) > (start_burn > burn_down)) of scenario 2.

This example illustrates the use of nested causation laws which for this example is
crucial. In both scenarios, to drop a lit match has the effect to start a forest fire. In the
first scenario, starting a forest fire causes the forest to burn down. In the second scenario
starting this causal law is itself conditioned by the two arsonists having dropped down
their lit matches.

The following example, taken from [10], involves causal laws with preconditions.

Example 4 Consider the following scenario, where a number of blocks are in a se-
guence: when the first block, is pushed from the plagg to the placep,, all other
blocks move also to the next place. bet...p, be places and, b, c be blocks, and

let push(z, p) be the action which consists in pushing the bledkom the placep to

the next placewext(p).3

I O(at(x,p) — (do(push(z,p)) > at(x, next(p))))
O(at(y,r) — (at(z,r) > at(y,next(r)))), for z # y
O(at(x,p) > —at(z,q)), for p # ¢

Obs: do(e) > (at(a,p1) A at(b,p2) A at(c,p3))

Frameo= {(f,a) :a € Ao, f € F}

Snext(p) is used as an abbreviation. Given the plagesps, . . ., next(p1) stands forps, next(ps2)
stands forps, and so on.
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The first (action) law says that, if blockis in p, pushingz from the placep moves
it to the next placewext(p). The second (causal) law says that if blacls atr then
moving blockz to positionr causeg to move to a next position. The third laws causes
block x not to be ay if it is at p (different from q).

Given the initial state, it holds thato(push(a,p1)) > (at(a,p2) A at(b,ps) A
at(c,p4)): pushing blocks from positionp; to po pushes block from positionp, to
p3 and blocke from positionps to p4.

Example 5 There is a bowl of soup. Assuming that initially the soup is not spilled, it
is expected that, whenever Mary tries to lift the bowl with one hand, she spills the soup.
When she uses both hands, she does not spill the soup.

O(do(liftl) > up-left) O(do(liftr) > up-right)
O(up-left A —~up_right > spilled) O(—up_left A up_right > spilled)
O(=(do(liftl) > —~do(lift_r))) O(=(do(liftr) > —do(liftl)))
Obs: do(e) > (—up-left A ~up_right A\ —spilled)
Frameo= {(f,a) :a € Ay, f € F}.

As actionslift_l andlift_r are independent, the actiéfift_[ has always the effect
of lifting the left hand side of the bowl, also when it is executed in parallél fo_r.
Hence, in a scenario in which both actions are executed in parallel we get:

(7) (do(liftl) Ado(liftor)) > (upleft Aup_right)

by applying the first two action laws and (CV) together with the third law saying that
the two actions are independent. As spilled is not caused by action laws or causal laws,
by assuming the persistency-efpilled from the initial staté we get:

(#3) (do(liftl) Ado(liftr)) > (upleft Aup_right A —spilled).

In a different scenario, when the actidoa(lift_l) is executed alone, its execution
causesip_left by the first causal law. We can then assume the persisteneypofight
from the initial state, and apply the third (causal) law to get:

(i91) do(liftl) > (up-left A —up_right A spilled)

The formulas (ii) and (iii) hold in two different extensions, which are relative to two
different scenarios, corresponding to different courses of actions. While it is clear that
all the monotonical consequences of a domain description hold in all extensions (like,
for instance, formula (i)), this is not true for the persistency assumptions that, as we
will see in the next sections, are relative to a given scenario. For instance, formula (iii)
does not hold in the scenario where the actién@i ft_{) anddo(li ft_r) are executed
concurrently, as in this scenario we cannot make the assumptionlpatight per-

sists from the initial state after the execution of actitarli f¢_{) alone. In the next
section we will define a notion of extension which is relative to a given action history.

4For a detailed description of persistency of frame fluents we refer to the next section, where we introduce
the notion of extensions of domain descriptions.
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3.2 Extensions for a domain description

In discussing the examples above we have often described fluents persisting from one
state to the next one, after an action has been performed. In this section we will provide
a non-monotonic construction for our causal action log(€ to deal with persistency

of fluents. The non-monotonic solution to the frame problem we adopt here is similar
to the one adopted in [12] and in [10], but, as a difference with the proposals above,
here we define the notion of extension "relative to an action sequence”, that is, relative
to the history of actions which have been executed. As we will see, this provides an
easier way for dealing with persistency in presence of concurrent actions with respect
to the solution proposed in [9].

We deal with the frame problem by introducing a set of persistency laws, which can
be assumed in each extension. Persistency laws are essentially frame axioms. They are
used, in addition to the formulas Iih, to determine the next state when an action is per-
formed. As a difference with the formulasih persistency laws amefeasible They
are regarded as assumptions to be maximized. Changes in the world are minimized by
maximizing these assumptions. Moreover, persistency laws have to be assumed if this
does not lead to inconsistencies.

Letcay,. .., ca, be (possibly) concurrent actions of the foda(a;) A. . . Ado(an,)
(for m = 1 we have an atomic action). We introduce a sepefsistency lawsf the
formcay > ... > can—1 > (I — (ca, > 1)) for every sequence of (concurrent)
actionscay, . . ., ca,_1 and for every fluent literal € Lit which is a frame fluent with

respect to the (concurrent) actiom, (according to the definition af'rame in the last
subsection), that is, for every fluent litefakhich is frame forevery elementary action
in ca,,. The persistency law says, that, lifiolds in the state obtained by executing the
sequence of actionsy, .. ., ca,_1, thenl persists after executing actien,, in that
state™®.

Our notion of extension will require to introduce two different kinds of assump-
tions. The first kind of assumptions, as we have seen, are persistency assumptions.
Given a setF'rame of frame fluents, the set of persistency assumptiéinR.,, ... ca.,
is defined as follows:

WPy, can ={car > ...>caj_1 > (I = (caj > 1))): (|l|,ca;) € Frame, 1 <
Jj<n,leLit, cay = do(e)}.

Note that the set of persistency assumptions has been defined relative to a sequence of
(concurrent) actions, that is, a state.

In addition to persistency assumptions, in defining our extensions, we introduce
another kind of assumptions, which are needed to deal with non frame fluents. If a
fluent f € F is not persistent with respect to a concurrent actiothen, in the state
obtained after executingz, the value off is arbitrary, it may hold or not. Hence,
we introduce assumptions which allow to assume, in any statefthatds (or does
not hold) for every non-frame fluent, as well as assumptions for all fluents in the

SNotice that introducing persistency laws of the foftti — (ca > 1)) wouldn't be enough to deal with
the persistency of literals at each different state. In factay persist when executing actioa in one state,
while it may not persist whena is executed in a different state, as the effects of actioim the two states
may be different
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initial state. Given a sef'rame of frame fluents, we define the set of assumptions
ASScq,,... ca, Telative to a sequence,, . . ., ca, of concurrent actions as follows:

ASScay,....can, = {car > ... >caj >1: (|l|,ca;) € Frame,1 < j<n,l€
Lit, ca; = do(e)} U{do(e) > 1 : | € Lit}

We represent a generic assumption in this setday> ... > ca; > [, which includes
assumptions on the initial state.

Observe that the fluents ifia, are not subject to persistency nor they have to be
assumed to be true or false in any state. In fact, assudifig) true in a state forces
the actiona to be executed in that state and its effect to be caused. We do not want
action execution to be non-deterministically forced or forced by persistency.

We can now define our notion of extension, for domain frafi&sFrame,), and
for domain description€élI, Frameg, Obs). An extensionE of a domain frame is de-
finedrelative to a statewhich can be identified by the sequence of actians. . ., ca,,
leading to that state. It is obtained by augmentiihigy as many as possible persistency
laws, while preserving the consistency of states.

Definition 3 An extensiorof a domain frameD = (II, Frame,) relative to the ac-
tion sequenceas,...,ca, is a setE = Th(Il U WP’ U F), such thatW P’ C
WPcal,...,cana F g Asscal,“.,can and

a)forl <j<n,ifcar >...>caj—1 > (Il = (caj > 1)) € WPeq,,... ca, then:
cap > ...>caj_1 > (Il — (caj > 1)) e WP <= ca; >...>ca; >l ¢
E

b) for1 <j<nifcar >...>ca; >1 € Asseq,
F << ca1>...>ca; >l ¢ E.

can theénca; > ... >ca; > 1€

.....

The =-part of condition a) is a consistency condition, which guarantees that a persis-
tency axiomea; > ... > ca;j—1 > (I — (ca; > 1)) cannot be assumed W P’ if —{

can be deduced as an immediate or indirect effect of the actipnWe say that the
formulaca; > ... > ca; > -l blocks the persistency axiom. Tke-part of condi-

tion a) is a maximality condition which forces the persistency axiom to be assumed in
WP, if the formulaca; > ... > ca; > —lis not proved. Condition b) forces each
state of an extension to be complete: for all finite sequences of actigns. ., ca;

each non persistent fluent must be assumed to be true or false in the state obtained after
executing them. In particular, since the sequence of actions may contain the empty
actiondo(e) alone (forj = 1), the initial state has to be complete in a given extension
E. This is essential for dealing with domain descriptions in which the initial state is
incompletely specified and with postdiction. The conditions above have a clear simi-
larity with the applicability conditions for a default rule in an extension. We refer to
[10] for a detailed description of the relationship between a similar notion of extension
and default extensions.

Observe that our persistency law correspond to the positive and nefatine
axiomsin the situation calculus. The two frame axiomfi§z, s) A v/ (2, a,s) —
F(x,do(a,s)) and—F(z,s) A ~yp(z,a,s) — —F(x,do(a, s))) describe the persis-
tency of fluentF’ from states to the next statdo(a, s). As a difference, we do not have
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negvy (z, a, s) (respectively (z, a, s)) in the antecedent of persistency laws, as we
regard them as default rules and we adopt a default construction, rather than a comple-
tion based construction through the use of successor state axioms. Moreover, while in
situation calculus situations are represented by telr(s, , do(as, (. . ., do(ay) . . .))),

and replaced by variables in the frame axioms, here the state to which a persistency law
applies is made explicit through the actions in the antecedent of the conditional impli-
cation. For this reason we cannot have a compact representation of persistency laws,
while in the situation calculus a compact representation of frame axioms is given by
replacing actions and states by variables. Observe, that given an extéhsfando-

main description relative to the action sequeneg . . ., ca,, the number of laws in

the setdV Pe,, ... ca,, aNdASScq, ... ca, 1S X 2 x nUMber of fluents

.....

Definition 4 E is anextension for a domain descriptidhl, F'rame,, Obs) relative to
the action sequenee,, . .., ca,, ifitis an extension for the domain franfll, F'rameg)
relative to the action sequence, . .., ca, andE + Obs.

Notice that first we have defined extensions of a domain frdié ramey); then we
have used the observationsdlbs to filter out those extensions which do not satisfy
them.

As a difference with the notion of extension proposed in [9, 10], here an extension
only describes a single course of actionsistory, and assumptions are localized to
that sequence of actions. This allows us to deal with concurrent actions without intro-
ducing two different modalities for actions (callegenandclosedaction modalities
in [9]) in order to prevent the (AND) lawdo(a) > C) — (do(a) A do(b) > C)
to be applied to non-monotonic consequences of actions, derived by means of persis-
tency assumptions. This point will be explained in more detail below, when discussing
example 5.

Let us consider again the example 1. Relative to the action sequeftgedo(tg: ), do(tg2)
we get one extensiof containing the frame laws

(@) do(e) > (—light — (do(tgy) > —light)),
(b) do(e) > (—sws — (do(tgy) > —sws)),
(c) do(e) > (do(tgr) > (swy — (do(tga) > sw1))),

in which the following sentences hold:

(1) do(e) > (do(tgr) > —light),
(2) do(e) > (do(tg1) > (do(tgs) > light)),

E contains also
(3) do(e) > (do(tg1) A do(tge)) > light
as was shown in the last subsection. Moreover, from (1), we can derive
(4) do(e) > (do(tg1) N do(tge)) > —light
by (CV) and the independency @(tg, ) anddo(tg>). Then, (3) and (4) together entail

do(e) > (do(tgr) A do(tge)) > L
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which means that in this extension, which is relative to the action sequkrieg
do(tg1),do(tga), the alternative sequende(e), do(tg1) A do(tgs) is not possible: it
leads to an “inconsistent” state, i.e. when executin@fg,) alone, the execution of
do(tgr) A do(tgz) is not possible.

An extensionE relative toca, .. ., ca, determines an initial state and a transition
function among the states obtained by executing actioRs. . ., ca,,. In particular,
the statereachable through an action sequeageg . .., ca; (1 < j < n)in E can be
defined as :

SE o = Ebcar>...>ca; > 1},

cay,...,C
wheresfo(é) represents the initial state. Due to condition (b) of definition 3, we can
prove that each statg” . .ca, 1S cOmpletewith respect to the fluents i for each

ca;...;

fluent f € F, it contains eitherf or —=f. Moreover, it can be shown that the state
obtained after execution of the sequence of actions. . . , ca,,, is only determined by
the assumptions made from the initial state up to that state.

Referring to example 1, the extensiBrabove relative to the action sequemoge ),
do(tg1), do(tg2) determines the

states:

Sﬁ(e) = {‘!S'U}l, ﬁs'u}27 ﬁllght}'
SdEo(e),do(tgl) = {swn, ~swa, ~light},
Sd0(€)7d0(tg1),do(tg2) = {Swla Swa, llght}

Observe that for the domain description in example 1 we do not obtain the unexpected
extension wherdo(e) > do(tgy) > do(tga) > (—swy A swe A—light) holds: our the-

ory prevents that togglingws in the state{ sw;, —sws, ~light} mysteriously changes

the position ofsw; and lets—light persist. To avoid this extension it is essential that
causal rules are directional (see [2, 29, 26, 42, 10]). Indeed, the causal rllesdn
different from the constraintl(sw; A swe — light) and, in particular, they do not
entail the formulaswy A —light — —swy. As observed in [26] and [42], though this
formula must be clearly true in any state, it should not be applied for making causal
inferences. In our formalism, contraposition of causal implication is ruled out because
the conditional> does not satisfy (MP): front(«w > ) we can neither conclude

a — B nor—=3 — —a. On the other hand, it is easy to see that, using (CE), in any state
of any extension, itx > ( holds, andy holds, 5 also holds.

Our solution to the frame problem is an abductive solution and is different from the
solution proposed for EPDL in [5]. There persistency laws of the fbrm [a]l are
added explicitly at every state. In EPDL, persistency laws are not global

to an extension but they have to be added state by state, according to which ac-
tion is expected. In our theory, the frame problem is solved globally by minimizing
changes modulo causation. As a further difference, in [5] unexpected solutions can be
obtained by adding persistency laws as above to the domain description. As observed
by Zhang and Foo (see [5], example 4.1) in the circuit example above theSstate
{sw1, —swq, ~light} has two optional next states under actiopgles, namelyS, =
{sw1, swa, light} andSy = {—sw, swy, —light}. The second one is unexpected.

This behavior is a side effect of (MP), which holds for EPDL and allows the mate-
rial implication to be derived from the causal implication. To overcome this problem,
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Zhang and Foo propose an alternative approach to define the next-state function which
makes use of a fixpoint property in the style of McCain and Turner’s fixpoint property
[29]. Their definition employs the causal operator for determining whether the indirect
effects of the action are caused by its immediate effects together with the unchanged
part of the state, according to the causal laws. It has to be observed, that this definition
of the next state function does not require any integrated use of causal laws and action
laws in the theory. In fact, “if the direct effects of an action have been gikéh)) L~
(that is, the logic obtained from EPDL when the set of action symbols is empty) is
enough to determine how effects of actions are propagated by causal laws” [5]. On
the contrary, our solution to the frame problem in the conditional logic CA relies on an
integrated use of action laws and causal laws to derive conclusions about action effects.
A domain description may have no extensions. Consider the following example
also mentioned by [29]:

IL: O(do(a) > p) O(g > —p)
Obs:  do(e) > (g A —p)
Framey = {(f,a) : a € Ay, f € F}.

If ¢ A —p holds in the initial state, performing actienmakesp true, but this cannot
block the persistency afsince—g cannot be derived fromsince the causal rule is not
contrapositive. However, assuming thatersists after the actian leads talo(a) > ¢
and since; > —p, by (CE), we derivelo(a) > —p from which we get together with
do(a) > p, do(a) > L. Hencedo(a) > —¢ (as any formula can be derived from an
inconsistency). Therefore, cannot persist and the domain description above has no
extension.

A domain description may have extensions containing inconsistent states, when
L € Sai,...a,. Infact, it may be that case that the set of laws and constrairiis in
are themselves inconsistent or they (monotonically) derive the inconsistency after the
execution of a sequence of actions. It may happen, for instance, that the concurrent
execution of two actions declared as being independent may nevertheless produce an
inconsistent state. Consider the following example:

Example 6 Consider a swinging door and two actignssh_in andpush_out the first
one opening the door by pushing from out-side to open it and the second by pushing it
in the opposite direction. We get the following formalization:

I1:0(do(push_in) > open_in) O(do(push-out) > open_out)
O(open_in > —open_out) O(open_out > —open_in)
O(=(do(push_in) > ~do(push_out))) O(=(do(push_out) > —~do(push-in)))

Frameo= {(f,a) : a € A, f € F}.

We have assumed that the two actions are independent. But when trying to perform
them concurrently, an inconsistent state is obtained, because there is a conflict between
their effects. All the extensions of the theory contain the formulas:

(1) do(push_in) > open_in,
(2) do(push_out) > open_out,
(3) do(push_in) A do(push_out) > L
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where all the formulas above are derived monotonicallyfor

It should be pointed out that for the concurrent action gtépush_in) Ado(push_out)
leading to an inconsistent state no persistency law is applied: since everything is true
in that state nothing has to be obtained by a persistency law.

The contradictory actionsush_in andpush_out are independent because they can
be performed independently, even if their results are contradictory. Their concurrent
execution produces an inconsistent state. Observe that this is a natural solution, as
pushing the door in both directions blocks the door. Hence, the concurrent occurrence
of both actionspush_in andpush_out does not yield a resulting state.

We argue that, in some cases, the outcome of an inconsistent state (or the absence
of the resulting state) may hint at some implicit qualification which are missing, or it
may suggest that the two actions are actually dependent.

Let us now consider again example 5. We refer to this example to explain how our
notion of extension deals with persistency in presence of concurrent actions. Let us first
consider the extensioR; relative to the action sequende(e), do(lift_l) containing
the persistency law:

do(e) > (—up_right — (do(lift.l) > —up_right)).
FE; determines the states:
Sfol(s) = {~wup_left, ~up_right, ~spilled},

Sk

do(e) do(lift_l) = {up_left, ~up_right, spilled}.

In E; we have
(i) do(e) > (do(lift-l) > (up-left A —up_right A spilled))

The extensiorE;, relative to the action sequende(e), do(li ft_1) Ado(li ft_r) contains
the persistency law:

do(e) > (—spilled — (do(lift 1) A do(liftr) > —spilled))
E, determines the states:

SdEOQ(e) = {ﬁup,left, —\upfm'ght, ﬁspilled}’

Sk

do(e),do(lift_)Ado(lift_r) — {up-left,up_right, —spilled},

In £ we have
do(e€)) > (do(liftl) Ndo(liftr)) > (upleft Aup_right A —spilled).

Observe that the formuldo(e) > do(liftl) A do(liftr) > up_left A up_right,
which is monotonically derivable from the action laws using (CV), holds in both ex-
tensions. As the formuldo(e) > do(lift.l) A do(lift_r) > —up_right holds in Ey
(it can be inferred from (i) by (CV) and action independence), we can conclude that
do(e) > do(liftl)ANdo(liftr) > L holds inEy; that is, when we are reasoning about
a course of actions in whictio(li ft_l) is executed alone (as ifi;, which is relative
to the action sequene®(¢), do(li ft_1)), the concurrent actiodo(li ft 1) Ado(lift_r)
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is not executable. In fact, actiafv(lift_r) causesup_right as its immediate effect,
which is inconsistent with the fact thatup_right persists.

From this example it emerges that, when we want to evaluate a conditional formula
cap > ... > ca; > lin adomain description, in order to to check whether a fact
is caused by the sequence of actioas, . . ., ca;, we should refer to those extensions
of the domain description which are relative to that course of actions, that is, relative
to a sequence of actions starting with the actiems . . ., ca; in the antecedents of
the conditional formula. Only such extensions are relevant to the course of actions
described by the conditional.

It must be noted that, given a course of actien, . .., ca,, and an extensioi’
relative to it, the values of fluents at the different stases, .. .., (for j < n) are
determined by evaluating the conditionals of the fatm > ... > ca; > [ in the
extension. However, arbitrary (conditional) formula can of course be evaluated at a
state in the extension, and this provides further information about the state: which laws
hold at the state, which actions are (or are not) executable in the state, and so on.

The solution to the problem of separating different sequences of action occurrence
proposed in [9] was to introduce two different modalities for distinguishing between
the behavior of actions when they are executed in isolation (“closed action”) and when
they are executed in parallel with other actions (“open actions”). While persistency
applies to closed actions, the (AND) rule applies to open actions. The behavior of the
action theory emerges from the interplay between these two kinds of actions. As a
difference, the solution adopted in AC refers explicitly to the current (linear) course of
actions and defines the notion of extension relative to it. In this way, the persistency
assumptions which can be taken in an extension are relative to the actions which have
occurred.

4 Related Work

In this section we compare our approach to actions and causation with the solutions
presented in the literature. Starting from the observation that causality cannot be repre-
sented by the classical implication, several different ways for representing actions and
causality have been proposed in the literature. We can distinguish among the following
approaches:

e Causality is formulated in the framework of a classical language, by introducing
a special new non-logical predicate, as for instanceXhesedpredicate intro-
duced by Lin [26, 27].

e Causality is considered as an inference relation on classical formulas, as for in-
stance by McCain and Turner in [29].

e Causal relations are modelled by introducing a new causal operator in the lan-
guage. McCain and Turner in [30, 44] introduce a new causal opetator
Thielscher [42] presents a STRIPS-like approach augmented by causal rules
which are directional implications. The conditional approach we propose in this
paper also falls into this class.
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e Causality is defined through causal modalities: either a unary modal operator
(for instance(c), wherec)x means that is caused) or a set of modalities. The
approach with a unary operator has been followed by Geffner [7], by Turner [44]
and by Giordano, Martelli and Schwind [9, 10]. A multi-modal logic, actually
an extension of dynamic logic, for causal reasoning has, instead, been proposed
by Zhang and Foo [45]: formulas of the forfa] A (o causesA) allow both
immediate and indirect effects of actions to be expressed. Also the work in
[11, 12], which defines a theory for reasoning about actions in a linear time
temporal logic, falls within this approach.

Most of the above mentioned proposals, though not all of them, develop a non-monotonic
approach to the formalization of actions and causation. Hence, a further aspects on
which they differ is the kind of non-monotonic formalism upon which they rely. In the
following we will compare our approach to those mentioned above, by outlining the
different properties of the causality relation.

The first systematic solution to the ramification problem has been proposed by
Lifschitz in [25], by introducing a distinction betwedrame and non-framefluents.
However, as observed by Lin [26] in some cases (see, for instance, the suitcase exam-
ple [26]) this distinction is not enough to prevent unwanted contrapositions of causal
dependencies.

To overcome this problem, Lin in [26, 27] introduces a predicadaised(f,v,s)
meaning that fluenf is caused to have the truth valwein the situations. Lin’s
proposal is based on Situation Calculus [37]. The Situation Calculus is one of the most
popular formalism for reasoning about actions and it has provided the very first account
on action and causality. In its original formulation, it does not include the formalization
of causal dependencies between fluents. In Lin’s proposal, action laws are expressed
by formulas of the form

Poss(a,s) — (Holds(¢,s) — Caused(F,v,do(a, s))),

whereF is a fluent name. The predicat&used is used for formulating causal rela-
tionships. For example, the first causal law in the circuit example 1 can be formalized
as follows: Holds(swy, s) A Holds(swa, s) — Caused(light, true, s). TheCaused
predicate is used in order to control the persistency of fluents: only fluents which are
caused are allowed to change value (and for this reaso@dlisedpredicate has to
occur also in action laws) and only fluents which aotcaused are allowed to persist.
Circumscription is used to minimize the predicate Caused. In [38] Schwind has shown
that the notion of causality in Lin’s theory, differently from ours, satisfies the property
of monotonicity (from "f CAUSES g” we can derive Afh CAUSES g"), as well as
transitivity ("f CAUSES g” A "g CAUSES h”— "f CAUSES h”). As discussed above

we get weak monotonicity, from (CV), only in certain cases, when dealing with inde-
pendent actions. Transitivity does not hold in our logic AC: the causal implicatisn

not transitive, 4 > BA B > C — A > C'is not derivable). Nevertheless, we have a
weaker form of transitivity: front- ca > B and- O(B > (') we can derivé- ca > C

using (NEC), (MOD) and (CE). As our action logic, Lin's approach does not satisfy
contraposition neither reflexivity (ID), but it takes into account reasoning by cases
(CA). This is due to the fact that a causal rule “A CAUSES B” is represented in Lin's
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system by classical implication together with a unary causality predicate, and classical
implication allows for reasoning by cases, but also for monotonicity, while Lin’s predi-
cateCaused(F,v,do(a, s)) prevents contrapositioCaused(F, true, do(a, s)) is not
equivalent to~Caused(F, false,do(a, s)).

Javier Pinto has also shown how to treat causality and concurrency in the frame-
work of situation calculus [34, 36, 35]. He does not modify the language of situation
calculus in order to treat causation, but he includes it rather as an abstract notion. For
concurrency, he proposes to represent concurrent actions as sets of atomic actions and
to modify the successor state axioms consequently. In [35], he treats several types of
concurrent actionsPrecondition interactiorcorresponds to what we treated in exam-
ple 4,effect cancellatiorroncerns the bowl of soup example 5.

In [29] McCain and Turner define a causal theory in which causal rules are rep-
resented by inference rules. Given a stéitand an actioru, the next state function
Res} (Eff, S), which provides the set of states which can be obtained by exeauting
in S, is defined through a fixpoint construction. McCain and Turner’s causal theory
does not satisfyeasoning by casésee [10]) while it satisfies another property, which
was calleccumulative transitivityif ” f CAUSESg” and ”f A ¢ CAUSESA” then " f
CAUSESHA") (see [45]). On the other hand, the logic AC does not satisfy cumulative
transitivity. In [10] it was shown that, given a consistent statall the states computed
by McCain and Turner’s next state function could be obtained by the action theory in
[10]. This is not true of AC, because we do not hauenulative transitivity The vice-
versa does not hold neither, because McCain and Turner’s theory does not satisfy the
(OR) property (axiom{C A) of our logic).

In [30] the same authors present a slightly different formalism for causality where
causal laws are expressions of the fopm= ¢ allowing for a formalization of both
action immediate and indirect effects. For instance, the first action law and the first
constraint of the circuit example above could be expressed in this formalism by the
laws: tg(i); A —sw(i)y = sw(i)ey1 andsw(l); A sw(2); = light;. Given a causal
theory D, an interpretation is causally explainedccording toD if I is the unique
model of D!, whereD! is the set of all heads of all laws id whose bodies are satisfied
by I. It can be shown that this notion of causality is transitive and takes into account
reasoning by cases. Moreover, if a causal thddmgontains a causal la#w = ¢, then
the material implicationpy —  holds in all the causally explained modelsBf(see
[38]). It must be noticed, that though (MP) holds in this theory, it does not produce
unwanted solutions. This is due to the fact that, in essence, causal laws are interpreted
as default rules (see [43]), and therefore a contrapositive use of causal laws is not
possible. Similar considerations can be made for the logic of universal causation intro-
duced in [44], which extends McCain and Turner’ causal theory by introducing in the
language a modal operator(“caused”) in order to make a distinction between propo-
sitions that are caused and propositions that obtain, and for the nonmonotonic causal
theories proposed by Giunchiglia et al. in [15] which deal with non-deterministic and
concurrent actions. This causal theory of actions, which has been applied to several
challenge problems in the theory of commonsense knowledge, also takes its origin in
the non-monotonic causal logic introduced in [30].

The causal action theory presented by Thielscher in [42] is based on a STRIPS-like
approach augmented by causal rules which are directional implications. The causal
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rules have the fornh causes I’ if A, l;, wherel, I’ andl; are literals, and they are
automatically generated from a set of classical domain constraints, given an influence
relation between fluents. The action theory in [42] does not allow (as ours) contra-
position, reflexivity nor transitivity (see [38]). Some of the properties discussed above
like reasoning by cases (OR) or monotonicity cannot be expressed, as conjunctions and
disjunction are not admitted as preconditiohaljove) of causal rules.

It has been established in [42] that all the resulting states computed in the fixpoint
characterization in [29] can be obtained through Thielscher’s notisn@fessostate,
while the converse does not hold: there are successor states which do not correspond to
any fixpoint. In Thielscher’s approach a stable state can be reached through a sequence
of unstable states, and the value taken by fluents in these unstable states (though dif-
ferent from their final value) may affect the value of some other fluents. This is not
possible in our approach which is not able to reason about the unstable states. Hence,
there are successor states in Thielscher’'s approach which do not correspond to any
extension of our action theory.

The causal action logic introduced by Giordano, Martelli and Schwind in [10] is
based on a modal language in which, modalitigsepresent actions and the modality
©)is defined to represent causal dependency between fl@igs unary modality and
“¢ causes)” is expressed by the classical implication— @) (if ¢ holds theny is
caused), whereas “actiancauses) under precondition)” is expressed by — [a]¢.
Interaction axioms, which rule the interactions among the different modalities, allow
to infer [a]y from [a]¢ provided that actiom causesp and ¢ causes). In [9] the
language in [10] is extended to deal with concurrent actions.

Concerning the properties of causality, monotonicity holds for this notion of causal-
ity, as from¢ — ©x) we can deriveb A m — @) by propositional reasoning. Also, for
the same reason, the property of disjunctive antecedents holds/(if — ¢/ then
¢ — ©x andm — ). Monotonicity does not hold in AC. Reasoning by case (dis-
junctive antecedents) is possible in AC due to the ax@rh Cumulative transitivity
holds for the causal operator in [9, 11], while it does not hold for AC.

As we have observed in section 3.2, a further difference with the proposals in [9,
10] is in the definition of extensions. In the logic AC, we have defined the notion of
extension "relative to an action sequence”. This allows a simplification in the treatment
of concurrent actions. In [9], we needed two kinds of modalitiespf@nandclosed
actions in order to distinguish between concurrent and non-concurrent occurrence of
an action.

In [12] a theory for reasoning about actions has been presented based on a lin-
ear time temporal logic, DLTL, in which regular programs of propositional dynamic
logic can be used for indexing temporal modalities. In this theory a causal depen-
dency among fluents#’causes)” can be represented by the formi&A , .. ([a]¢ —

[a]¥)), meaning that for all actions, if ¢ holds after the execution af, then) also

holds after its execution. This representation makes the causal laws directional (contra-
position of causal laws is not allowed). Moreover, (MP) does not hold in this theory. As
a difference with the logic AC, reasoning about cases (CA) is not allowed and causal
implication is monotonic: from @ causes)” it follows that "¢ A « causes)”.

Zhang and Foo in [45] present an extended propositional dynamic logic (EPDL) for
causal reasoning. In EPDL the causal dependencies between actions and their effects
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are expressed through formulas of the fdrmA, wherea is a primitive or compound
action andA is a property. Indirect effects of actions are expressed by allowing propo-
sitions as modalities. For instance, the first causal law in the circuit example 1 can be
expressed by the formulaw; A sws]light. We have already outlined in the previ-
ous chapters the main differences of this approach with respect to our proposal from
the point of view of the properties of causality and of the non-monotonic construc-
tion. Concerning the properties of causality, a major difference with EPDL is that the
axiom (MP), which cannot be derived in our action logic AC, is derivable in EPDL.
Though in EPDL contraposition of causal laws is not allowed (so[th@f{—B cannot

be derived from B|C), as a consequence of (MP), it holds that{A§—~C and[B]C

are causal laws i then* [A]-B (the derivation makes use of the inference rules
(EN),(CW), (EK) and the axiom for the test action). The above inference makes some
contrapositive use of the causal [4]C'.

Zhang and Foo also introduce a hierarchy of causal logics, to meet different re-
quirements of causal reasoning. More precisely, they consider four logics £PDL
EPDLy, obtained from EPDL through the incremental addition (to the axioms of EPDL)
of the four axioms: (AND)[¢]A — [¢ A ¢¥]A; (OR) [¢]A A [Y]A — [¢ V Y]A4;
(Chn)o A ¥]A — [¢][w]A; and (PSC)A — [¢]A. They study the properties of these
different logics. In AC only (OR) holds, which is the property of reasoning by cases, in
our logic called (CA), which is the standard name of this axiom in conditional logics.
The other axioms are not derivable in AC. In particular, AC does not contain (AND),
but contains instead (CV), which is weaker than (AND): (CV) is a logical consequence
of (AND). (CV) allows to apply (AND) only for independent actions or preconditions.
Moreover, AC contains, as an inference rule, (RCK) which is implied by (AND) in
EPDL and is one of the reasons mentioned by Zhang and Foo for accepting the (AND)
property (reasons for refuting it are mentioned by the same authors and have also been
mentioned in the introduction).

Another difference with our present approach is due to the different modelisation
of actions. In EPDL, syntactically, actions are not formulas. This makes it impossible
to combine assertions about actions with assertions about causality: it is not possible to
express for example that actiorand factB cause the effeat’ and concurrent actions
cannot be defined.

Besides the above proposals for integrating actions and causation, the concept of
causality has been deeply explored by other researchers in the artificial intelligence
community. In particular, other important approaches to reasoning about causality
evolved from the area of Bayesian networks. Judea Pearl has defined a theory of causal
reasoning based on the language of structural equations [32, 33]. According to Pearl,
a causal model is given by two sets of varialleandV (exogenous and endogenous
variables) and a set of functions, one for every endogenous varighdssociating to
every vector of all the other variablesihandV \ {X} a value in the set of possible
values of X. These functions define structural equations relating the values of the
variables of the system. Given a causal model, one can define a sub-model according
to a vectorX of endogenous variables and a vect@rof values for these variables
and a vectorw’ of values of the exogenous variables by instantiafingp =" and all
exogenous variables t@ inside all the structural equations defined by the functions.

A sub-model describes a possible counterfactual situation. This submodel describes
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what would happen if the variable$ are set toz’".

A basic causal formulaas defined in [17], has the forfiX; «— z1,...,X; <
x1]¢ (whereg is a boolean combination of primitive events, i.e. formulas of the form
Y = y). It says that holds in the counterfactual world that would ariseXif is set to
zi, foralli =1,...,n.

Although in Pearl’s theory causal implication is not represented as a logical con-
nective, a basic causal formula is very close to a counterfactual and its evaluation in
a causal modeM (in the contextw’) is obtained by "minimally changing” the model
M by setting all variables(; to z; (andU; to u;) and then verifying iip holds, as the
result of the simultaneous instantiation of equations in M.

In [6], the authors study the causal interpretation of counterfactual sentences using
the structural equation model for causality. They compare causal models to Lewis’s
logic for counterfactual sentences [24]. In the causal model the meaning of a Lewis’s
statementd > B is "If we force a set of variables to have the valugsa second set of
variables will have the valueB”, where A stands for the set of variableg and B for
the set of variableg;.

Galles and Pearl show that causal implication as defined by causal models satisfies
all the axioms and rules of Lewis’conditional logic. In particular, their system includes
axioms(ID), (M P) and(CS) which, as we have already discussed in section 1,do
not hold in our logic AC.

Galles and Pearl observe that, when restricting to recursive models, the causal
model framework does not require stronger axioms for counterfactuals than those present
in Lewis’s logic, while in the non recursive case, further axioms would be needed to
account for the property of "reversibility”. In our conditional logic, on the other hand,
we do not even introduce axionf$D), (M P) and (C'S), which hold for recursive
models.

Starting from the notion of causality based on the language of structural equations
Halpern and Pearl define a different notion of causality, which theyactllal causality
as well as a notion of causal explanation [17]. As the authors observe, for this notion
of actual causality, which is defined to be reflexive, one might want to avoid reflexivity
(to avoid thatX = z is a cause for itself). As they suggest, reflexivity can be avoided
by requiring thatX = x A —¢ be consistent foX = x to be a cause af.

5 Conclusion

We have presented a new conditional logical approach to reason about actions and
causality which uses a single implication for causal consequence. This new ap-
proach is based on conditional logic and includes standard axioms and inference rules
of Lewis’ conditional logic VCU. Action execution and causal implication are repre-
sented uniformly. This makes it possible to integrate reasoning about mutual action
dependence or independence into the language of the logic itself. This possibility dis-
tinguishes our approach from many other approaches, for example that in [18] or [42]
who formulate dependencies or influences outside the logic. Our action language can
handle (co-operating, independent and conflicting) concurrent actions in a natural way
without adding extra formal devices, and we believe that the language can be naturally
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extended to handle other boolean expressions concerning action performance. This pa-
per extends the work presented in [13], with respect to which we have slightly changed
the axiom system, to make it as essential as possible in modelling causality. Moreover,
we have restricted the language to conditional formulas with propositional antecedents.
As we have explained, conditional logic can be characterized semantically by several
types of semantics (ordered models, spheres or selection functions). We choose selec-
tion function semantics because this is the most general semantic system for conditional
logics. We think however that correspondence with the other semantic systems can be
shown along the same lines as by Grahne [16].

There are several issues which have still to be addressed. First of all, we need
to develop a proof theory for this conditional logic, to make the approach usable in
practice. For that we want to use analytic tableaux. In [8] a tableaux system was
developed for a series of conditional logics built from a system called (CE) which
includes the minimal conditional logic , (ID) and (CA) together with more specific
axioms. We think that it is possible to formulate tableaux rules in the spirit of [8] for
our logic AC. Moreover, we think that tableaux are especially adapted for handling
abductive inference as used in this present paper. Extensions as we defined them here
can be obtained as tableaux branches.

Another important issue is to determine whether this logic can be made tractable
under suitable restrictions of the language. On the one hand, we want to consider
syntactic restrictions as, for instance, a restriction to clausal formulas. On the other
hand, we can think of putting some restriction to rule the interplay between the “do(a)”-
literals and the other literals in conditional formulas.

Another interesting issue to be tackled is that of exploring a spectrum of different
notions of causality, which can be obtained by changing some of the postulates or by
the addition of new postulates, as it has been done by Zhang and Foo [45] for EPDL.
Different notions of causality have also been studied by other authors in philosophy [1]
and in artificial intelligence [33, 17].

A most important issue concerns the integration of time (or of “real time”) into
our logic. In our present proposal, we have only a notion of state. We think that for
representation issues states are a very important notion of qualitative representation
of actions but it could be very useful to have additionally a notion of time without
abandoning states. This would allow to include duration of actions, beginning and end
of actions, delayed effects and other concepts related especially to time. Including
temporal reasoning would probably necessitate to work with first-order conditional
logics and to represent time point and intervals by natural or real numbers. Most work
on conditional logic today is on propositional conditional logic, only few researchers
have worked yet on first-order conditional logic [3]. We think that this extension of our
logic will be not trivial, but is completely necessary for many real applications.

We would like to thank the anonymous referees for their comments which helped
to improve this paper.
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A APPENDIX-Completeness

The completeness is shown by the construction of a canonical model. We construct a
model such that for any consistent formwua(i.e. any formula4, such that/ —A),

there is a world in this model satisfyind. Moreover, we show that the semantic
properties ofAC' (S-CV, S-OR, etc.) hold in the canonical model. We use induction
over the height of formulas which is the number of connectives (classical, modal and
conditional) occurring in a formula.

Definition 5

1. Asetof formula§ is calledinconsisteniff there is a finite subset df, { Fy, ... F},}
suchthat- -FyV-FEy V...~ F,. I'is calledconsistenif I' is not inconsistent. If
an (in)consistentI” contains only one formul®&’, we say that" is (in)consistent.

2. A set of formulag’ is calledmaximal consistenff it is consistent and if for any
formulaF notinT', I" U { F'} is inconsistent.

We will use properties of maximal consistent formula sets the proof of which can be
found in most text books of formal logic (see e.g. [40].

Lemma 1 Letw be a maximal consistent set of formulas ahdnd B formulas of AC.
Thenw has the following properties:

1. IfF A— BandA € w, thenB € w
2. Iffrom A € w we inferB € w, thenA — B € w.
3. ANBewiff AcwandB € w
4, Agwiff ~Aew
Given a maximal consistent formula setwe set

wd={B:A>Bcw}
w” = {A: 04 € w}

w" is consistent since by axiom (T) and Lemmauit, C w, andw is consistentw?
may be inconsistent.
The canonical model' M is defined byCM =< W, f, R, [[]] > where

1. W is the set of all maximal consistent formula setsAdf.
We set|| A|| = {w : w € W andA € w} for any formulaA.

2. For formulad andw € W, f(A,w) = {w' : w' € W andw” C w'}. Note that
f(A,w) = 0 whenevery” is inconsistent.

3. Forw,w’ € W, R(w,w') iff w” C w'}.
4. for any atomp € ATM, [[p]] = {w : p € w} and for formulasA and B, we

have
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If w# is inconsistent for some formuld, f(A,w) = 0. w" is always consistent,
because T holds fan.

We first will show that for any formuld, ||A|| = [[A]]. This is proven by induc-
tion on the height of formulas. First we need the following two lemmas concerning
conditionals and modal formulas.

Lemma 2 For any conditional formulad > B € w we haveA > B € w iff for all
w € f(Aw), Bew'.

Proof : If w# is inconsistentf(A, w) is empty and the lemma trivially holds. If
not, for the “=" direction, let A > B € w andw’ € f(A,w). ThenB € w* and
w? C w’, from which follows thaB € w’'.

“ «=": We first observe thatv U {-B} is an inconsistent formula set. Suppose for the
contrary, thatw“ U {-~B} is consistent. Then it is included in a maximal consistent
formula setw’ € W, w? U {-B} C w’. But thenw” C w’, which means that’ ¢
f(A,w). From this follows by our precondition thd& € w’. This is a contradiction to
-B € w', sincew’ is consistent. Since U {-B} is inconsistent, there are formulas
{Fy,...F,} € w? suchthat- -F, v ~F, V...V B. By the rules of propositional
calculus and rule RCK, we conclutte (A > Fi)) A (A > Fo)A...(A > F,) —

(A > B). SinceF; € w*, A > F; € wfor1 <i <mn, henced > B € w since wis
maximal consistent (by lemma 1).E.D.

Lemma 3 For any modal formuladA, we haveOA € w iff for all v’ € R(w),
Acw.

Proof : The first half follows immediately from the definition of the state transition
relation R: if A € wthenA € w". Let bew’ with R(w,w’). Thenw® C w’,
henceA € w'. For the second half, suppose théte «’ for all w’ such thatR(w, w’).
Then, we first observe that” U {—A} is an inconsistent formula set. Suppose for the
contrary, thatw" U {—A} is consistent. Then it is included in a maximal consistent
formula setw” € W, i.e. w” U {=A} C w”. Butthenw® C w”, which means that
R(w,w"). From this follows by our precondition that € w". This is a contradiction
to -A € w”, sincew” is consistent. Since™ U {—A} is inconsistent (andv" is
consistent, there are formuldd?, ... F,} C w" such that- =F; V =F, V...V A.

By the rules of propositional calculus, necessitatiGi£C') and (K), we conclude
FOF AOFy, A...OF, — OA. ButOF;, € wforl < i < n, henceDA € w by
lemma 1.1, since w is maximal consistemE.D.

Lemma 4 | F|| = [[F]] for arbitrary formula F.
Proof : This is shown by induction on the heighof F'.

e Forn = 0, F'is a propositional variable (including an action predicate(a)),
then the lemma follows immediately from the definition of the model.

35



o LetF = —A, thenw € ||-A4| iff =A € w which is equivalent t!d ¢ w by
lemma 1, 4; which is equivalent to ¢ || A||, hence by induction hypothesis,
w ¢ [[A]] which means equivalently that € [[-A]] by the definition of the
valuation function in the model.

o letF" = AA B, thenw € ||[AABJ iff AANB € w. By lemma 1, 3., this
is equivalent toA € w and B € w or equivalentlyw € ||A|| andw € || B|.
By induction hypothesi$A| = [[A]] and || B|| = [[B]], hencew € [[4]] and
w € [[B]], i.e. w € [[A]] N [[B]] = [[A A B]] by the definition of the valuation
function[[]] of the canonical model. Hence, we have thal| = [[F]].

e Let F = OA. By induction hypothesis, we hayel|| = [[A]] sinceA is a
subformula ofF. Letbew € ||OA||. By the definition of O A||, this is equivalent
to OA € w. By lemma 3, this is the case iff for all € R(w), A € w’. By
the definition of|| A||, this is equivalent t&vw’ € R(w), w’ € ||A||. Since by
induction hypothesig|A| = [[A]], this is equivalent t&d'w’ € R(w), w’ € [[A]].
And this is the case i € [[OA]].

e LetF = A > B. By induction hypothesigA| = [[A]] and||B|| = [[B]], since
A and B are subformulas of”. Let bew € ||A > BJ. By the definition of
|A > B, this is equivalent ted > B € w. By lemma 2, this is the case iff
forall w € f(A,w), B € w'. By the definition of| B||, this is equivalent to
Vw' € f(A,w), w € ||B|. By induction hypothesi$,B|| = [[B]] and we get
Vw' € f(A,w),w € [[B]]. Andthisis the case iff(A, w) C [[B]] which means
thatw € [[A > B]].

Q.E.D.

It remains to show that the canonical model CM has the properties required by our
logic AC, provided the corresponding axioms belong to the 10§icCV, S—CV .. .).

e S-RCEAIf[[A]] = [[B]] thenf(A,w) = f(B,w)
If [[A]] = [[B]], thenw € [[A]] iff w € [[B]]. By lemma 1, 2, this implies
A < B € w. By RCEA, it follows thatd > C < B > C € w, from which we
getf(A4,w) = f(B,w).

o (S-CV)if f(A,w)N[[C]] # Dthenf(AAC,w) C f(A w)
Letbew’ € f(A A C,w) iff wA"C C w'. By precondition, we havé( A, w) N
[[C]] # 0,i.e. f(A w) & (W\[[C])]), butW\[[C]] = [[~C]], from which follows
that=(A > —-C) € w. This yields using axiom C\A > B) — (AAC >
B) € w. From thiswe concludéB : A > B cw} C{B: ANC > B € w}
which means thatv* C w4, Hence we getr” C w',i.e.w’ € f(A,w).

o (S-CA)f(AVB,w) C f(A,w)U f(B,w)
Suppose for the contrary that thereuis € W such thatv;, ¢ f(A, w) andw; ¢
f(B,w). Then there are formulds, andF; suchthatd > Fy € wandF; ¢ w,
andB > F; € w andF, ¢ w; by the definition of the selection function of the
canonical model. Since; is maximal consistent, we have thaf} € w; and
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-Fy € w;. By RCK and the maximality ofv; , we getA > F; V Fr € w;
andB > F; V F, € wy. By axiom CA thisyieldsAV B > F; V Iy € wy,
from which follows thatF; v F» € w?VE. Hence we cannot hawe“V? C w,
because this would contradietF; € w; and—F; € w; (maximality of w,).
Thereforew; € f(AV B,w).

e (S-CE)if f(ca,w) C [[B]] then

ValProp(f(ca,w)) C ValProp(f(B, f(ca,w)))

where f(B, f(ca,w)) represent the set of worlds: € f(B,z) : =z €
flea, w)}.

By the precondition, we havex > B € w; by axiom CE, we then gega >
(B> C)) — (ca > C) € w. But this means thafF : B > F € w} C
{F :ca > F € w}, where{F : ca > F € w} = w°. To prove our thesis
we prove that all the propositional formulas which hold in all the wotldse
f(B, f(ca,w)) also hold in all the worldso” € f(ca,w). If & € £ and, for all
w' € f(B, f(ca,w)),« € w',thenitmustbethat € {F: B > F € w*}NL.
Hence, by the inclusion above,€ {F : ca > F € w} N L. This means that,
a € Land, forallw’ € f(ca,w), a € w’, which proves our thesis.

e (S-MOD) f(ca,w) C {w’ : R(w,w’)}
We first show that for any € Ay, w™ C w. Let beA € w". ThenOA € w.
By axiom M OD this givesca > A € w, sincew is maximal consistent; and
this is equivalent tod € w°®. Now, let bew’ € f(ca,w). This is the case iff
w® C w' by the definition of the canonical model. Sing€ C w°®, we get
w C w’, which is equivalent td?(w, w’), by the definition of the model.

e (S-4) and (S-T) follow straightforwardly from the definitions®fby the canon-
ical model using the S4 axioms and completeness properties of the model states.

Proof of the completeness theorem: l&be a formula not derivable in AC. Then
t/ A, i.e. {~A} is consistent. Then there is a maximal consistent set of formulas
such that-A € w, i.e. w € ||-A4||. By lemma 4, we get that € [[-A]] which means
that the canonical model CM satisfies!, i.e. CM, w [~ A. Q.E.D.
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B APPENDIX-Decidability

We prove that:
Theorem 2 The logicAC is decidable.

We show that for any formuld’, if there is aAC—model M and a worldw, of M

such that(M,wg) = F, then there is also finite AC—model M* and a worldwy,

in it such that(M*, w) = F. This property is called thénite model property This

finite model property, together with the recursiveness of the axiomatization of the logic
entails that the logic idecidable

Indeed, for any formuld’ if it is a theorem of the logic, it will eventually be derived
from the axioms and derivation rules. If iti®t a theorem of the logic, by considering
all the finite AC'—models we shall eventually findfmite AC'—model A * that falsifies
it.

Let F' be a formula M a AC-model andw, a world in M such thatV, wy = F.
We show that we can build a finit¢C'—model M * containingw, such that\/*, wy =
F.

Intuitively, the new finite modelM * is built from M, wy by considering only the
portion of M that is relevant to determine the truth valuerofn wy. Furthermore, a
sort of filtration is applied to the model so obtained:Mhwe define two worlds to be
equivalenwhen they agree on the evaluation of all the subformulais.dfor each set
of worlds selected by the selection function, we consider only one representing element
for each equivalence class.

Let nl(«) be the maximum nesting level of the and the> connectives inx.
We assume that is the maximum nesting level of the and the> connectives in¥’
(nl(F) = n). LetVarg be the set of the propositional variables appearing,iiC »
the boolean closure dfarp U {T} andSubf (F) be the set of all subformulas &f.
We can now define the closut®; of a formulaF, the set of formulas we will use to
define the equivalence relation on worlds, by the following conditions:

o Subfs(F)C L7;

e if Do € £7 thenOOa € L7;

o if Ae Lranda € L7 (withnl(a) =n)thend >« € L7;
e if & € L anda is a non negated formula them € £7.

Nothing else is contained ifi;..

L7 corresponds to what is usually called thischer-Ladner closuref F. How-
ever, for this conditional logic we need to define it for the different levels of nesting of
the conditional and modal formulas upsto

We define, foralt =0,...,n,

Lz, ={ae Lz @ nl(a) <i}.
For exampled(—A > -0O(C > D)) (with A, C, D € Lr) is a formula with 4 levels

of nesting, which belongs td7;, for i > 4. MoreovernDO(-A > -0(C > D))
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belongsLz;, fori > 5, and(=)By > ... > (=)(Bs > C) with By, ..., Bs,C € Lp
belongs tolz ;, fori > 6.

As a property of the sets, ;, we have that: (U7, € L7, foralli=1,...,n,
and (2)L,,, containsF and all its subformulas.

The set of formulag 7. is clearly finite. The size a$ubf- (F) is linear in| F'|. Ob-
serve that, given a numbéx(|F'|) of propositional variables, we can distinguish among
O(2!7' different propositional evaluations, and henog2!”!) different propositional
formulas. Hence, the size dfr is O(2/¥1). As the maximum number of levels of
nesting in any conditional formula i is n, the size ofC7 is exponential inF|,
namely|L7| = O(2!F).

We define an equivalence relatier over the set of world$l” by stipulating that
two worlds are equivalent if they evaluate in the same way all the formulds:in
Thus:

w=p w' ifand only if for any formulad € £, w | A ifand only if v’ = A.

The equivalence class of the worldin W/ = will be denoted byjw], and iden-
tified with a representative element in the class. For any sé{possible worlds iV,
we denote bys/ = the set of the equivalence classesSadccording to=p.

We build the modelM ™ = (W™, f*,[[]]*) as follows:

The set of worlddV* of M* is the set of the equivalence classes:

wW* =A{[w] : w e W}

For properly defining the selection functigii, we introduce finite sequend&,,
Wh, ..., W, of sets of worlds:

Wo = {[wol};
Wy =Wy U{[w']:w € f(A,wp), forA € Lr} U {[w'] : woRw'};

Wi = Wiy U{[w]: 0 € f(A,w), TorA € Lp, [w] € Wi_1} U {[uw] :
’LURU)/, [U)} c Wifl};

Wiy = W U] : 0’ € F(A,w), forA € Ly, [w] € W1 U{[w] :
wRw', [w] € Wp,_1}

W,, contains the equivalence classe$ of the worldsw reachable formw, in at most
n steps through the accessibility relati®rand the selection functiof.
The valuation functiorf[ ]]* is defined as:

[lp)]" = {lw] : w e [[pll}
forall p € VargS. It extends to more complex formulas in a standard way as:

[T =w=[[L]]" =0
[[AA Bl = [[A]]" n[[B]]*

60bserve that all worlds in the same equivalence class have the same propositional valuation
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[HA]" =W — (Al

[OA]]" = {[w] : [w]R*[w'] and[w’] € [[A]]"}
([A> BJJ" = {[w] : /*(A, [w]) < [[BI"},

where f* and R* are defined as follows: Far > 0:

“ {[w']:w" € f(A,wg)} if[w] e W,
f<A’[“’D:{® ) if [w] € W* — W,

wherewg, is the representative element for the classandA € Lr , and:

for [w] € W, R* is the transitive closure of the relatid®l, whereR’ =

{(lw], [w]) : wRw'}
for [w] € W* — W,,, R* = {([w], [w])}.

Forn =0, forall [w] € W*, A € Lp:
f(A; [w]) = Dand R = {([w], [w])}.

Observe that the definition ¢f* at a world[w] is based on the value ¢gfon the rep-
resentative element of the classw|. The definition of f* depends on the choice
of the representative element of the clgs$. However, it can be proved that: for
wy,wy € W, if w; = ws then the sety (A, w;) and f(A4, w-) can be regarded as
being equivalent concerning the evaluation of formulas in theﬂig%t 1 1.e. formulas
containing nested conditionals andwith at mostn — 1 levels of nesting. More pre-
cisely, let=r,,—, be the equivalence relation obtained by replacing in the definition
L7 with £7., . If w; =p w, then for allw] € f(A, w;) there existsv), € f(A, wo)
such thatw{ =rn—1 wh. A similar property holds for the accessibility relatidit:

if w1 = wo then for allw] such thatw; Rw] there existav}, such thatw, Rw) and

w) =pn—1 wh. Observe that (as a difference with) the definition of the accessibility
relation R* does not depend on the representative elements of the equivalence classes:
if wRw' holds therw]R*[w'] holds.

We can prove thad/*, wy = F. To this purpose, we first prove the two following
lemmas that show which is the correspondence between the evaluation of formulas
in the original modellM and their evaluation id/*. From the definition of[ ]]*, it
immediately follows that:

Lemma5 For all formulasG € Lp, for all w € W, [w] € [[G]]* if and only if
w € [[G])-

This property the property follows straightforwardly from the definition[df* and
the induction on the structure of G. For the worldg € W,,, it extends to modal and
conditional subformulas af as follows:

Lemma 6 For all subformulagz of F' with nesting leveli(G) < k(< n), for all
[wi] € W, such thafwy], [w1], ..., [wk] is @ sequence of worlds reachable fram)
in k steps (i.e. such thady,] R* [w;41] or f*([w;], [wi+1]), foralli = 0,k — 1):

[wg] € [[G]]* if and only if w;, € [[G]].
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Proof By double induction ok and on the structure a¥.

If £ = nthen nl(G)=0 @ is a boolean combination of propositional variables) and
the property follows straightforwardly by Lemma 5.

Assume the property holds fér+ 1. We have to prove it fok. TakeG such that
nl(G) < k.

We proceed by considering the different casesdorlf G is G; A Ga,0r =G or
another boolean combination of formulas (with at mo$tvels of nesting) we apply
induction on the structure af.

LetG = C > D, withnl(C > D) = k > 0. We have to prove thdtv;] € [[C >
D]J* ifand only if wy, € [[C > D]].

In one direction, assume;, € [[C > D], i.e. forallw’ € f(C,wy), v €
[[D]]. We have to provdwy] € [[C > DJ]*, i.e. for all [wi+1] € f*(C,[wy]),
[wit1] € [[D]]*. If [wgs1] € F*(C, [wg]), then there is a worlab,r € W, which is
the representative element of the equalence ¢lags such thatv;, | € f(C, wrr),
andwy,, =r wgt1. ASwrr =F wg, then there is aworld’ € f(C,wy) such that
W =pn_1 w§€+ Hencew’' =g -1 wit1. AsD € £Fn 1 (D) < k—1and,
from the hypothesisy’ € [[D]], we havewy1 € [[D]].

Observe thafwy), [w1], ..., [wk], [wkt1] IS @ Sequence of worlds reachable from
[wo] In k + 1 steps inM* andnl(D) < k — 1. Hence, by inductive hypothesis,
[wi1] € ([D])".

In the other direction, assunfie] € [[C > D]]*, i.e. for alljwy11] € f*(C, [wy]),
[wi+1] € [[D]]*. We have to prove that, € [[C > D], i.e. forallw’ € f(C,wy),
w’ € [[D]]. Letwyg be the representative element of the clasg. Aswirr = wy, if
w' € f(C,wg), then there is a worlaby, 1 € f(C,wir) such that’ =g, 1 Wit1.
By construction ofM™*, [wi+1] € f*(C,[wg]) and, from the hypothesigwy 1] €
[[D]]*. From the fact thatl(D) < k — 1 and[wy1] reachable fromwg] in k& + 1
steps inM*, we conclude by inductive hypothesis that,, € [[D]]. Moreover, as
w' =pn—1 wi1 andnl(D) < k — 1 we can conclude that’ € [[D]].

Let G = OA. With ni(0OA) = k > 0. We have to prove thatv,] € [[DA]]* if and
only if wy, € [[DA]].

In one direction, assume;, € [[0A]], i.e. for allw’ s.t. wxRw', w’ € [[A4]]. We
have to provgwy| € [[DA]]*, i.e. for all [wg41] S.t. [wk] R* [wk+1], [we+1] € [[A]]*
Let [w’] be such thajwy] R*[w’']. There are two cases, thdtu,][w’]) € R’ and that
([wi][w']) € R and itis introduced ilR* by applying the transitive closure ® .

In the first case, letv’ = wy41 and ([wy], [wk+1]) € R'. Then there is a world
wj, € W, which is in the equivalence clagsy| (w), = w), such thatv; Rw;_,,, and
w§€+1 =r wit1. AsOA is a subformula of”’, OA € £7: from the hypothesis, €
[[OA]], we getw;, € [[OA]]. Hencew;, ., € [[A]]. Since,w;,, =F W1, Wry1 €
[[A]]. Observe thakwo], [w1], . . ., [wk], [wr+1] is @ sequence of worlds reachable from
[wo] In k + 1 steps inM* and nl( ) < k — 1. Hence, by inductive hypothesis,
[wi1] € [[A]]".

In the second case, assume tfjaty], [wir+,]) € R*, and that there is a sequence
of worlds

[wk]a [warl]’ [wk+2]7 R [warn*l] [wk+n]a
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such thafwy ;| R*[wkyit1], (0 = 0,n — 1). Then there is a world;, € [wy], a world
wy ., , € [wryn) and, for alli = 1,n — 1 there are two worldsv;_ ;, w;/,; € [wpi]
such that, foralf = 0,n —1, w;_;Rwy_,,, and, foralli = 1,n — 1, w;_; =r wy/;.

Aswy, € [[0A]] andOA € L3, aswy, = w), w), € [[OA]]. By transitivity, wj, €
[[DOA]]. AsOOA € Lz, w), € [[OA]]. But, from the equivalencey; ,, =r wj ;,
wy,, € [[BA]]. By a similar reasoning pattern, we can concludg, , € [[DA]]

- wy,, € [[OA]]. Hence, by reflexivityw;_,, € [[A]]. From the equivalence
W), , =F Wkin W concludewy, € [[A]].

As there is a sequendey], [w1], . . ., [wg], [wk+n] Of worlds reachable fronfw]
throughf* andR*, andnl(A) < k — 1, by inductive hypothesisws.,| € [[A]]*.

In the other direction, assuntey,| € [[JA]]*. We have to provey;, € [[DA]], i.e.
for all Wg+1 S.t. ’ka’wk+1, Wit1 € HA]]

Letwyi1 € W s.t. wi Rwy41. Then by constructiorwy] R*[wy+1] and, from the
hypothesisfwi1] € [[A]]*. As [wo], [wi], ..., [wk], [wk+1] IS @ sequence of worlds
reachable fronjwy] in k& + 1 steps inM* andnl(A) < k — 1, by inductive hypothesis,
wi1 € [[A4]], which concludes the proof.

Q.E.D.

As an immediate consequence of the lemmas, we have the following Corollary.

Corollary 1 M*,wy = F.
We can now prove that/* is a AC model, and that it is finite.
Theorem 3 The modelM™ = (W,,, f*,[[]]*) is an AC—structure.

Proof We show that the selection functighsatisfies the conditions—RCEA)—
(S— REFL).

In proving it we will consider two cases: that(F') > 0 andnl(F') = 0.

Let us prove the semantic properties fd(E’) > 0.

(S — RCEA) Assume that, ford, B € L, [[A]]* = [[B]]*. We want to show
that f*(A, [w]) = f*(B,[w]). From the hypothesis we havfA]] = [[B]]. In fact,
w € [[4]] iff (by Lemma 5)[w] € [[A]]* iff (from the hypothesisjw] € [[B]]* iff
[w] € [[B]] (again by Lemma 5). Hence, from the fact thét— RC E'A) holds forM,
for [w] € W,

fr (A w]) ={[w']: w' € f(A,wr)} = {[w]:w" € f(B,wr)} = f(B, [w]).

}:
For[w] € W* — W, f*(A, [w]) =0 = f*(B, [w]).

(S — CV) We have to show that if*(A4, [w]) N [[C]]* # 0 thenf*(A A C, [w]) C
F*(A, [w]).

Let [w] € W,. Assume thatf*(A, [w]) N [[C]]* # 0. Then, asf*(A,[w]) =
{[w] : w" € f(A,wr)} (Wherewpg is the representing element of the cldsg),
there must be @’ € f(A,wg) such thafw’] € [[C]]*. AsC € Lr, by Lemma 5
w' € [[C]]. Hencef(A,wr)N[[C]] # 0. As(S—CV) holds forM, f(AANC,wg) C
f(A,wg). Therefore:f*(A A C,[w]) = {[w'] : w € f(AANC,wgr)} = {[w] :w' €
F(Awr)} = f*(A, [w]).

Let [w] € W* — W,,. Then,f*(A, [w]) = 0, and the thesis holds trivially.
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(S — C'A) We have to show that* (A Vv B, [w]) C f*(A, [w]) U f*(B, [w]).

Let [w] € W,. Thenf*(AV B, [w]) = {[w'] : v’ € f(AV B,wg)}
CH{[w]:w € f(A,wr)}U{[w']:w" € f(A,wr)} (as (S-CA) holds foilf)
= (A, [w]) U (B, [w]).

Let [w] € W* — W,,. Then,f*(AV B, [w]) = f*(4, [w]) = f*(B, [w]) =0, and
the thesis holds trivially.

(S-CE) We have to prove that: ff*(ca, [w]) C [[B]]* then
ValProp(f*(ca, [w])) C ValProp(f*(B, f(ca, [w]))).

Let [w] € W,. Assume thatf*(ca, [w]) C [[B]]*. From this it follows that
f(ca,w) C [[B]]. Infact, letw’ € f(ca,w) and letwg be the representative ele-
ment of[w]. Then there is a world” € f(ca, wg) with w” = ,,_1 w’. Hence, by
construction[w”] € f(ca, [wg]) and, from the hypothesigy”] € [[B]]*. AsB € Lp,
by Lemma 5w” € [[B]] and, fromw” =g ,,_1 w’, we getw’ € [[B]].

As a consequence of the fact tha, w) C [[B]] and the fact that (S-CE) holds
for the modelM, we have thal’al Prop(f(ca,w)) C ValProp(f(B, f(ca,w))). We
can now prove that al Prop(f*(ca, [w])) C ValProp(f*(B, f(ca, [w]))).

Let [w'] € f*(ca, [w]). Then there isv; € f(ca,wr) such thatv; = w’. From
(CE) in M, there must be two worlde, andws such thatws € f(ca, wr) andws €
f(B,ws) so thatw; andws have the same propositional valuatidnal Prop(w;) =
ValProp(ws). By constructionws] € f(ca, [w]) and, if we letwy R to be the rep-
resentative element dfv], there is a worldw} € f(B,w2R) with wh =g ,—1 ws.
Clearly,Val Prop(wj) = Val Prop(ws) and, thereforel al Prop(w}) = Val Prop(w:).
Moreover, by constructioriws] € f*(B, [wz]), so thafw}] € f*(B, f(ca, [w])).

Let [w] € W* — W,,. Then, f*(ca, [w]) = 0, and the thesis holds trivially.

(S-MOD) if [w'] € f*(ca, [w]) thenR*([w], [w']).

Let [w] € W,. If [w'] € f*(ca,[w]) then, by constructionw’ € f(ca,wr)
(wherewp, is the representing element of the clés$). Hence, as (MOD) holds for
M, R(wg,w’), and by constructio®* ([w], [w']).

Let [w] € W* — W,,. Thenf*(ca, [w]) = 0, and the thesis holds trivially.

(S-TRANS) if R* ([w], [w']) andR* ([w'], [w"]) thenR*([w], [w"]), for all [w], [w'],
[w"’] € W*.

Let [w] € W,,. By construction, sinc&* is defined as the transitive closure®f.

Let [w] € W* — W,,_1. ThenR* = ([w], [w]) and the thesis holds trivially.

(S-REFL) R*([w], [w]), for all [w] € W*.

Let[w] € W,,_1. SinceR is reflexive,R(w, w). Hence, by constructioR;* ([w], [w]).

Let [w] € W* — W,,_;. ThenR* = ([w], [w]) and the thesis holds trivially.

Fornl(F) = 0 the semantic properties hold and their proofs are the same as for the
casenl(F) > 0, for [w] € W* — W,,. Q.E.D.

Theorem 4 The modelM/* is finite.

Proof By construction, since < w andW* is finite. Q.E.D.
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The number of worlds if* cannot be more than the number of truth assignments
to the formulas inC7. As the number of such formulas@(2/¥1), then the number of
worlds inTV* is at most double exponential ji|, i.e. [W*| = O(QQ‘F'). This pro-
vides a non-deterministic algorithm to decide the satisfiability of a formula in double
exponential time: first non-deterministically construct a model of size double expo-
nential in|F|; then verify that it is a AC-model aof". This verification requires a time
which is linear in the size of the model and hence it requires double exponential time.
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