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Continuous Time Markov Process

A stochastic process Z(t) defined over a discrete state space S of
cardinality IV is a continuous-time discrete-state Markov process
(or Markov chain - CTMC) if:
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for any sequence

0 <t <ty <...<tpm1 <ty

The following property holds:

PT{Z(tm) — Sjm|Z(tm—1) — Sjm—l"" 7Z(t1) — Sjl}

= Pr{Z(tn) = s, |Z(tm-1) = sj,_, }
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Transition Probability Matrix

Let us introduce the following notation:

pijlu,x) = PriZ(z) = sj|Z(u) = s;}  (u<7)

With:

pi(x,x) = 1 ; pij(z,x) =0

pij(u, x) is the conditional probability of transition in state s; at
time x given the process was in state s; at time wu.

pilr) = Pr{Z(z) = s;}

pi(z) is the probability that the process is in state s; at time

x and is called the occupancy state probability or simply state
probability.

From the above definitions:

N N
2 pijlu,z) =1 > pi(z) =1
J:
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Chapman-Kolmogorov Equations

The Markov property implies the following Chapman-Kolmogorov
equations:

pjx) = ;Pz'(w - pij(u, o)

pij(u,x) = X pir(u,v) - prj(v, x) foru<wv<gx
k
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Let P(u,x) = [pi;j(u,x)| be the (N x N) square transition prob-
ability matrix.
Let p(z) = [pi(z)] be the (IV)-dimensional row vector of the state
probabilities.

Using matrix algebra, the C-K equations can be written as:

p(z) = p(u)-P(u,z)
P(u,z) = P(u,v) - P(v, )
P(x,z) =1

where I is the identity matrix.
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Time-Homogeneous CTMC

A CTMC is said to be time-homogeneous (or simply homoge-
neous), when the transition probability matrix P(u,x) depends
only on the difference (x — u).

Substituting: * — v =t e v — u = 6 the C-K equations become:

P(t+0) = P(t)-P(®) . PO =1

Define (for ¢ # j and for At > 0):

B dpij(t) T pij(At)_pij(O) BT pij(At)
G = — 45 o A At - Al}fr—r}OAt

From the above we get:

pij(At) = PriZ(t + At)} = j[Z(t) = i} = q; At + O(At)

Define (for i = j and for At > 0):

i = d pii(?t) ~ bm pii(At) — piu(0) 1= piu(At)
! dt =0 At—0 At Af—0 At

From the above we get:

gi < 0

pi(At) = Pr{Z({t + At)} =i|Z(t) =i} =1 4+ ¢ At + O(A )
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CK Equations for Time-Homogeneous
CTMC

g;; are the transition rates, whose physical interpretation is:

pij(At) = Pr{Z({t + At)} = j|Z(t) = i} = ¢;; At + O(A1)

pil(At) = Pr{Z({t + At)} = i|Z(t) =i} =1 + q; At + O(A?)

The C-K equation can be written as:

pij(t+At) = zk:pik(t)pkj(At)
= pij(t) pjj(AL) + X pull) pry(AT)
k:k#j

pij(t—i—At) = pij(t)(l + qjj At) + ]gk% pik(t) qkj(At) + O(At)
k]

From the above:

= (1) q:; o (t .
At pi;(t) qj; +k:kz7éjpk()qkj + At
Taking the limit as At — 0,

= > pik(t) gr; with initial condition  p;;(0) = {
2

0 i#y
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The Transition Rate Matrix

Since the transition to a state from time ¢ to (t+At) is the certain
event:

1 => pij(At) =1+ qiiAt + > qijAt
J JiJ#

Gi = — 2 G
Ji i

Define the transition rate matrix (infinitesimal generator) Q of
the process as:

Q = [q;] where gij >0 i £ ]

gi; <0 Gi = — > Gij
J i

The row sum of the transition rate matrix Q is equal to 0.

In matrix form, the C-K equations become:

Pt) =P -Q ;  P0)=I
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The State Probability Vector

Let p(t) be the state probability vector in a homogeneous CTMC,
and let p(0) be the initial state probability vector (the initial
condition). We have:

Differentiating both sides:

p'(t) = p(0)-P'(t) = p(0)-P(t)- Q

From which we derive the state probability equation:

p(t) = pt)-Q
with initial condition p(0)

The state probability equation has formal solution:

p(t) = p(0) - e?!
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The Laplace Transform of
the State Probability Equation

The state probability equation can be written explicitly:

pi(t) = pit)gu + po(t) g + ... + pn(t)gm
py(t) = pi(t) qua + pat)gee + ... + pa(t) e

Denoting the Laplace transform: L[p;(t)] = pi(s), the Laplace
transform of the state probability equation becomes:

spi(s) — p1(0) = pi(s) qu1 +p5(8) g1 + ... + DN(S) qn1
sps(s) — p2(0) = pi(s) qra + P5(8) qaa + . . . + P (s) a2

pi(s) (s — qu) —p3(8) g — ... —p(s)av1 = m(0)
—pi(s) qua +p5(5) (s — qo2) — ... — pi(s) ava = p2(0)

In matrix form, the above equations become:

P(s)(sI - Q) =py = P(s)=po(sI - Q"
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Sojourn time in state 7

We isolate state 7 by deleting transitions entering state 7. We

have:
qij
% = — 2 g
Jig#s
dpi(t)
= —pit) qi i(0) =1
iy pi(t) q pi(0)
Where: ¢; = —qi = Zj.j4 @i 1S a negative constant equal to

the sum of the rates out of state 7.

Solution of the above equation is:

pi(t) =1 — e

The sojourn time in each state is exponentially distributed with a
rate equal to the sum of the exit rates.

The probability that the sojourn time in state ¢ terminates by a
transition toward state j, is given by:

Qij —q;t
p‘. t — 76 1
5lt) =
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Expected State Occupancy in (0 —t)

Let 0;(t) be the random variable representing the time spent by
the CTMC Z(t) in state s; in the interval (0 — ¢).

To evaluate the expected value of 6;(t), let us introduce an indi-
cator process y(t) defined as follows:

1 —
y(t) =0 it Z({t) #

By construction:

0:(t) = [ y(u)du

with initial condition 6;(0) = 0.
Hence:
t

E[0:()] = B[ yw)du] = || Ely(u)du]
= [ 0-Priy(t) = 0} + 1 Priy(t) = 1}
= /Ot pi(u) du

Introducing the vector 8(t) whose entries are the E[6;(t)], we
can write:

0(t) — 6(0) = [ plu)du

2 ti—i—l

t i
9@=9@+pﬂw+2Q+”_+WHMQ+”J
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Classification of states and stationary
distribution

The classification of states for a CTMC is similar to the DTMC
case. (Given a state ¢, if the ultimate return to that state is the
certain event, the state is called recurrent, if the ultimate return
has probability less than 1, the state is called transient.

An absorbing state is a state with no outgoing arcs: state 7 is
absorbing if ¢;; = 0 for any j # 1.

A state j is reachable from ¢ for some ¢t > 0, if p;;(t) > 0.

The state space of a CTMC can be partitioned into a set of tran-
sient states and closed sets of recurrent states.

A CTMC is wrreducible it every state is reachable from every other
state.

An irreducible CTMC reaches a steady-state condition as ¢ — o0
independently of the initial condition.

lim pi(t) =

t—00

N———

dp;(t
If the limit exists then: lim il =0

t—oo dt

and the steady state matrix equation becomes:

M=

=1
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Properties of the steady-state distribution

Similarly to the discrete case, the equilibrium distribution for an
irreducible CTMC has the following properties:

< for all initial conditions, the occupancy state probability p;(t)
tends to a constant value m; as t — oo, and the 7;’s form a
probability distribution.

< if the initial probability is m;, then p;(t) = m; for all ¢;

< the proportion of time spent in state ¢ in the interval (0 — ¢)
tends to m; as t — oo:

lim
t—o00 t

<& the steady-state probabilities satisfy a system of ordinary lin-
ear equations.

Q=20 with w-el =1

<& the steady state equation can be interpreted as a probability
balance equation (for every state the probability flow-in equals
the probability flow-out)
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CTMC with Absorbing States

Let state a be an absorbing state. We can partition the Markov
equation as follows (being the row corresponding to the absorbing
state equal to 0).

[p'(t) pu(t)] = [p(t) pa(t)] | -

where the square matrix B groups the transition rates inside the
transient states and the column vector A = — Be! the rates
from the transient states to the absorbing state.

Solving the above equations in partitioned form, we get:

{p’(t) = p(t) B
p,(t) = p(t) A

p(t) = poe®!
pL(t) = poePtA

Given 7, is the time to reach the absorbing state from ¢t = 0 (time
to absorption), we have:

F,(t) = Pr{r, <t} = Pr{Z(t) = a} = p.(t)

= 1 —pt)el =1 — pgePlel
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CTMC with Absorbing States

in Laplace transform

[sP™(5) =Po sp.(s)] = [P(s) puls)]

p“(s) = po(sI — B)™!

pils) = _p'(s) A = po(s] — B) 1A
[t turns out that:
. 1 .
Fi(s) = —po(sI —B)7 A
S
fi(s) = sFi(s) = po(sI — B) "' A

Resorting to the moment theorem for Laplace transforms, we can

evaluate the mean time to absorption (with A = —Bel):
d f;(s)
E a — _]. a
n) = ()




CTMC

System of two Dependent Components

Markov Analysis - 1

O
Al A2
RO

The transition rate matrix Q assumes the form:

(1,1) (0,1) (1,0) (0,0)

(1,1) —()\1 + )\2) A1 Ay 0
Q - (0,1) 0 X 0N
(1,0) 0 0 =M\ A
(0,0) 0 0 0 0
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System of two Dependent Components - 2

The solution equation for the state probabilities is:

Dh(t) ph(t) ph(t) pilt) | =

—()\1+)\2) A1 A2 0

0 —A 0 A

nl) o) ) pi || o T8 0
0 0 0

From the matrix equation the following set of linear differential

equations is obtained:

dpl(t)
dt

dp2(t)
dt

dps(t)
dt

dps(t - A
]Z;( ) = Xapa(t) + Aips(t)

= — (A1 + A pa(t)

= Mpi(t) — dapol(t)

= Xopi(t) — Aips(t)




CTMC 18

System of two Dependent Components - 3

Let us assume, as initial condition, that the system is in the good
state s; = {0,0} at time ¢ = 0 with probability 1.

p1(0>:17 p2(0>207 p3(0>20, ]M(O)IO

The solution of the set of linear differential equations can be ob-
tained by resorting to the Laplace transform method. Let p}(s)
denote the Laplace transform of p;(t). We get:

spi(s) —1 = — (A + Ag) pi(s)
spa(s) = Aipils) — Aepi(s)
sp3(s) = X pi(s) — Aipils)
spils) = dapils)+ pi(s)

The state probabilities in the time domain are:

pl(t) = e ()‘1+)\2)t

Al — ot — (A1 + o)t
t) = — (e M2t — g7 V1T A2
pa(t) )\1+)\2_)\2( )
p3(t) = o ~ (e_;\lt — e—(A1+>\2)t)
)\1 =+ >\2 - )\1

pa(t) = 1 — pi(t) — pa(t) — ps(t)
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System of two Dependent Components - 4

Series System:

Parallel System:
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System of two Dependent Components - 5

Stand-by redundancy:

L ~—

s | B

Since component 2 is not operating in state s; = {1, 1}, we have
Ao = 0. The Markov graph becomes in this case:

Rstandby(t) = T €

If the two components are identical (A, = A\, = \), the previous
equation becomes:

Rstandby<t> = (1 + )\t) G_M
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Repairable System - Availability

A
7
O B0 | = [0 o]

Expliciting the matrix equation we obtain:

d};t(t) = —Api(t) + ppa(t)
d};zt(t) = Api(t) — ppo(t)

Assuming as initial condition [ p1(0) = 1, po(0) = 0], the state
probabilities become:

D1 (t) = + &

pa(t) =
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Two Component System

Identical and Repairable Components - 1

2\ A
)
9A 2A 0
L) ph(t) ph(t) | = | pu(®) pa®) ps(®) [ o —(A ) A
0 0 0

Expliciting the matrix equation, we obtain the following set of
linear differential equations:

dz;t(t) = —2Api(t) + ppo(t)
dz;zt(t) = 2Api(t) — (A + p)pa(t)
dps(1)

= Aot
dt Po(t)
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Two Component System

Identical and Repairable Components - 2

We resort to the Laplace transform method.

spi(s) — 1 = —=2Xpi(s) + pps(s)
s p3(s) = 2Api(s) — (A + p)ps(s)
s p3(s) = Aps(s)

Solving the algebraic set of equations:

2 \?
s|s?+ BN+ pu)s + 2M?]

ps(s) =

Inverting by means of the partial fraction expansion:

R(t) =1 — pa(t) = — 2 -t = U —aut
o] — Q9 ap — Qo

where ap and ag are roots of the equation:

s+ BN+ pu)s +2X = (s + ay)(s + ay)



