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In this paper we study the pcssibility of aralysing the reliasbility of sys-
tems, whcse comporents experierce wear-cut, by representing each ccmporent by

a Multistate Hcmogernecus Markov Mod

el

(MHMM) .

It is shown that this technique

realizes a good comprcmise betweer the ability of correctly representing the
features of the system toc be mcdelled and the possibility of algorithmically
determining the prcperties of the model. Some examples are repcrted.

1. INTRODUCTION

The success of any model depends on two
factors: its modelling power arnd its de
cisicn power. Mcdelling power refers to
the ability of ccrrectly representing
the system tc be mcdelled. Decisicn pow
er refers to the possibility of algec-
rithmically determinirng the prcperties
cf the mcdel. These twc factcrs are ge-
rerally in cornflict.

Since reliability analysts are reguired
tc evaluate reliability measures perti-
rient to the system;, they need to resort
tc models with high decision pcower but
caonsequertly low mcdellirg power. We re
fer typically tec models based con the as
sumpticn that ccmpcnerts are s-indepen-
dert with exponertially distributed
failure/repair times.

However a very ccmmcrn physical situa-
ticn in which these assumpticrs dec rot
held true is the preserce c¢f wear, that
is the preserce c¢f ccmperert degrada-
ticrn which irnduces a failure time dis-
tributicor belcrgirg tc the class IFR
(ircreasing failure rate) or IFRA (ir-
creasirg failure rate average) as dis-
cussed by Barlcw ard Proschar ir [1].
Mary apprcaches have appeared in the 1i
terature for mcdelling ccmponert wear-
cut, but they seem tec have pocr deci-
sicnn power when applied tc systems,
sirce they beccme algorithmically in-
tractable as socn as the system com-
plexity grcws up.

As a comprcmise between modelling power
and decisicn power we propcse in this
paper an apprcach based on the represen
tation of the failure (or repair) pro-
cess of each compeonent by a Multistate
Homogenecus Markov Mcdel (MHMM). This
apprecach, which is a generalization of
the well knowrn stage device [2, 3],
seems to be well suited in wear-out mod
elling since it yields a better approxi
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maticn of the behaviocur of each compo-
nent by increasing the number of the
states of the model, while at the same
time the cverall system is still mcdel-
led by an hcmocgerecus Markcv process.
Thus the MHMM car be viewed as a propo-
sal for exterdirg the modelling pcwer
c¢f the stardard twc-state Markcv ap-
procach while retairnirg mecst of its deci
sicn pcwer.

Even if the stage device has beern al-
ready applied tc reliability prcoblems
[3, 4] we ccrcertrate ir this paper or
its capability in wear-out mcdelling.
In Sect. 2 we discuss its ability as a
mathematical artifice feor approximating
ron expcrertial probability distribu-
tiors (IFR or IFRA) in compariscon with
octher apprcaches. Ir Sect. 3 we discuss
how toc hardle the MHMM as a mcdelling
tecl for represerntirg actual systems
with s-deperdert ccmpecrnerts subject tc
wear ard in the presence cf different
mairtenance pclicies.

2. APPROXIMATION OF WEAR-OUT DISTRIBU-
TIONS BY MHMM's i

The mathematical prcoperties of the
MHMM's have beer deeply examired in [4
[s][6], thus ir this secticr we recall
crily scme basic defiriticrs.
As kriown, the stage device consists in
splittirg the transition from cone condi
ticn (say a workirg condition) to anoth
er condition (say a failed conditicn) in
mcre thar two states conrected in series
or ir parallel. The MHMM gerneralizes
this device by drcpping the hypothesis
of parallel-series connection, and can
be defired as follows:
An N- MHMM is an N- state time con-
tirnucus homogeregus Markov process
characterized by its time - indepen-
dent transition rate matrix 4 and by
its initial probability vector R,The-
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set of the N states is partiticred
irto twc mutually exclusive subsets
U ard D such that the mcdelled sys-
tem is up or dowr if the ccrrespornd-
irg prccess is ir U or D respective-
ly.
If the D subset is abscrbirg (system
withcut repair) the prcbability cof beirg
in D, as a furction of time, is the cu-
mulative distribution functicr (Cdf) cf
the passage time frem U to D, i.e. the
failure time Cdf; c¢n the other hard, if
D is rct abscrbirg (system with repair),
the prcbability cf beirg ir D is the sys
tem uravailability.
From a numerical point of view it has
beer fourd converiert tc limit the stu-
dy to Markov prccesses described by acy
clic transitien graphs, for which, after
a suitable state cordering, the transi-
tion rate matrix assumes a triargular
ferm (TMHMM). The Cdf of a gereric N-
TMHMM has a raticral Laplace trarsfcrm
with rorn-pcsitive real pcles ccincidert
with the diagcral ertries of A.
It has beer proved ir [6] that ar N-
TMHMM car. be trarsfcrmed irtc carcrical
forms with the mirimum rumber ¢f para-
meters (i.e. the mirimum rumber of rcr-
zerc ertries cf A). Ever if there are
at least three differert carorical forms
the mcst useful in wear-cut prcblems
is that reported in Fig. 1, ir which

Fig. 1. Canonical form of an N-TIEMDM.

(beirg N the dcwr state) transiticrs
are allcwed frcm each state tc the sub-
sequert cre ard frcm the first state to
all the cthers; mcrecver the diagcral
ertries of A must be ordered ir the se-
querce -A11 > -AyN-1,N-1 2 ~Aj-2,N-22 .-
3-;-22 >O-

Since a gereric N- TMHMM car always be
transfcrmed irtc the form of Fig. 1, in
the sequel we will refer to cancrical
medels only.

A worthnoting result in TMHMM theory [6]
is that it is pocssible tc approximate
as closely as desired any Cdf as the
rumber of states grows te infinity. Hew
ever from an engireering point of view
it is important to emphasize that a
good fit tc the most commcn Cdf's is ob
taired alsc with TMHMM's cf lcw order.
As an example we show how caronical
TMHMM's of increasing order approximate
the Weibull Cdf of Fig. 2, with shape
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Fig. 2. Weibull distribution.

parameter 1.5 and scale parameter O.1.
The algerithm for determirirg the mecdel
trarsition rates which prcvide the best
fit tc a giver Cdf has beer described ir
(5], ard is based orn the mirimizatiocrn of
the maximum absclute differerce betweer
the model Cdf ard the Cdf tc be approxi-
mated, i.e. on the minimizaticr of the
deviaticr measure adcpted irn the Kolmocgg
rov - Smirrov gccdress-cf-fit test.

The results are presented ir Table I ir
which the best TMHMM's cf crders 3, 4
ard 5 are shcwr tcgether with the maxi-

N BEST TMHMM MOMENTS |MAX. DEV.

. o.21 m=9.17
3 ] al=a27 0.0104
(cnf=050

m=8.07
o?=39.4 | 0.0038
(cwJ=0.48

m=9.03 =
o= | 6310

(cwl=0.48

Table I. Canonical TMHIM'S which approximate
the Cdf of Fig.2.

mum deviaticn of their Cdf from that cf
Fig. 2. For the sake cf ccmpariscr alsc
the mear value, the variarce ard the
squared ccefficiert cf variaticr are
shewr in the Table.

Scme further examples of approcximaticn
of lcg-normal Cdf's have been already
preserted ir [3] and [5]; morecver the
capability of this techrique in approxi
matirg multimcdal Cdf's (as those which
have bathtub - shaped hazard rate furc-
tiors) has beer studied ir [5].

Other techriques for wear-ocut modelling
have appeared in the literature (Markcv
degradaticrn models, Pcisson shock mod-
els, etc.) and an extensive discussiocn
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of their relaticrn with the MHMMapprcach
can be fcund in [7].

3. THE TMHMM AS A MODELLING TOOL IN
WEAR-OUT PROBLEMS

A very attractive feature of the method
described ir the previcus section is
its ability ir describirg ard aralysirg
the perfcrmarce cof systems ir situaticrs
in which cther pcpular methcds fail.
The follcwing examples indicate scme
areas in which the mocdellirg power of
TMHMM's can be successfully exploited.

3.1 System with s-indeperdert ccmpc-
rerts subject toc wear

The gereral theory has been outlired in
[4] ard scme further examples car be
found in [8]. The prcblem is tc mcdel
the failure time distributicn of each
compecrnent by a suitable TMHMM, ard then
to resclve the homcgenecus Markcv prc-
cess ¢f the whcle system, takirg advar-
tage cf the ccmporent s-indeperderce
(prcduct rule for probabilities).

3.2 System with s-deperdent compcrerts
subject tc wear

This case is cf particular irterest ard
will be treated mcre deeply. Ir the usu
al mcdellirg techriques, where each ccm
pocrert is characterized by a sirgle up
state ard a single dcwn state, the fail
ure rate cf a compecrert car s-depend on
ly on the workirng or failed corndition
cf the cther cres. Ard this restriction
hclds true also ir the framewcrk cf ror-
homcgerecus Markcv prccesses, where reor—
expcrertial prcbability distributicrs
are ccrsidered by intreducing time-de-
perdent trarsiticn rates. However in ac
tual systems the failure rate of a com-
perernt is likely tc s-deperd cr the
wear ccrditicr of the cthers; ir partic
ular fcr series - ccrrnected systems, this
kird ¢f s-deperderce is the corly pcssi-
ble cre. As lorg as experimental data
cr. such a kird of s-deperderce are
available, the TMHMM techrique cffers a
tccl for mcdelling this situaticr.

As a very simple example, cconsider a
system consisting ¢f twec iderntical com-
Pcrents connected in series. Each compo
rert is described by a 3-state series
mcdel (secornd order gamma distributiocr),
where states 1 and 2 are working and
State 3 is failed, ard the trarsiticr
graph cof the system is the one depicted
ir Fig. 3 where the dashed lire encir-
cles the states corresponding to system
failure. It is then clear that ir case
of s-irdeperderce a'=2a and b'=b,

Fig. 3. Trensition graph of a 2-component
geries system with s—~dependent

wear and failure.

while letting a'> a and b'>b allows to
take into account the ircreased failure
prcbability of each component due te the
degraded working condition of the cther.
Irn Fig. 4 the reliability function of
this system 1s plotted for increasing
values of a', b' ard fixed values of a

TIME

Fig. 4. Reliability function of the system

of Fig.3 for increasing values of
the parameters.

3.3 Repairable systems

Wher ir a repairable system compererts
experierce degradaticr, the typical si-
tuaticr is that orly the replaced ccmpg
rert is as gcod as rew after mainte-
rarce, but the other comporernts remain
in their degraded corditior. The failure
/repair prccess of the whole system is
thus rc mcre a rerewal process, since
the successive up ard down times are not
iderntically distributed but deperd on
the previcus replacements. This problem
though very simple and commern in prac-
tice, is difficult tc mocdel and analyze
ir the framewcrk cf stochastic processes.
For instance the non homogernecus Markov
apprcach fails when applied to repair-
able systems, since in this framework
repaired components (with IFR distribu-
ticn) are intrinsically worse than old.
The use of the stage device for model-
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ling repairable systems has been first
suggested by Chan and Dewns in [9].

The following simple example illustrates
the difference between a ncn homoge-
rneous Markov model and the MHMM in the
analysis of repairable systems. Consid-
er a compernent whose failure time fol-
lows a second crder gamma distribution:

O—2—0——0 2

Fig. 5. &) 3-state series TEMM;
b) equivaelent 2-state nonhomogeneous
model.

the TMHMM of Fig. 5a, and the non homo-
geneous mcdel of Fig. 5b are exactly
equivalent if the time-dependent transi
tion rate is given by z(t) = a2t/ (1+ at)
However if the compcnent is suppcsed re
pairable (with constart repalr rate M)
the correspending medels cf Fig. 6a and
6b do nct provide the same results: for

|
"iﬂilllllgglllg..l‘g a)

B

@ b)

Fig. 6. Seme models as in Fig.5a) and 5b)
with repair.

irstance the steady state availability
is:

2/a MUT
A' = = fcr 6a
s 2/a+ 1/p MUT + MDT
1/a 1/2
AL = = = for 6b
1/a+ 1/u lfzm-i-M.DT

Thus while in the model of Fig. 6a the
steady state availability depends on
the mean up time (MUT) and on the mean
down time (MDT) (regenerative process),
in the model of Fig. 6b it depends cn
the limit of z(t) as t—es=, that is
the process beccmes asymptotically re-
generative.

Ancther widely used approach for model-
ling repairable systems is to consider
an s-independent (or unrestricted) re-
pair pelicy. Under this assumption ev-
ery component of the system describes
an independent alternating rernewal pro-
cess [10] and the overall system avail-
ability can be cbtained by the product

rule for probabilities. For the twc-ccm
perent system of Fig. 3 the s-indepern-
dert repair policy (with constart re-
pair rate p) corresponds to the transi-
tion graph of Fig. 7, and is equivalert

Pig. 7. Trensition graph of a 2-component
geries system with s-independent
repair.

tc the superpcsiticn of indeperdert al-
terrating renewal processes.
The werthroting feature of the schema of
Fig. 7 is that the replacemert of a ccm
pcrent resteres it into an nas geccd as
rew" condition without affecting the pcs
sibly degraded state of the other crne
(e.g. from state 3-2, the cnly pcssible
repair transition is to state 1-2, where
compcrent 1 is as gocd as new and compg
rert 2 in its degraded state).
However the assumpticn of s-irdeperdert
repair is often a crude simplificaticr
of the real world and the MHMM's cffer
a rnatural way for mecdelling mcre realis
tic mainterance policies:
i) System is switched off durirg mair-
terarnce.
This case is pertinent to ricrn-redundant
systems fcor which every compcnent fail-
ure gives rise tc a system failure, and
herce the system is down during repair.
As an example we repcrt in Fig. 8 the
state transition diagram which depicts
this situation for the system of Fig. 7
assuming that the two comporents are
series—connected (failed states encir-
cled in the dashed line). Fig. 9 plots
the availabilities calculated from the
models of Figs. 7 and 8 for a set of pa
rameter values. For this very simple sys
tem the difference between the twc cur-
ves is not very large (and disappears
either for w = 0- istantaneous repair -
or for p =eo-no repair at all-); how-
ever the maximum deviaticn is reached in
steady state conditions, i.e, in thecon
ditions most frequently used in system
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Fig., 8. Transition graph of a 2-component
series system switehed off during
repair.
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Fig. 9. Reliasbility functions of the systems
of Fig.7 and Fig.8.

aralysis; in particular the s-irndepen-

dert pclicy urderestimates the actual

system availability.

ii) Compeorents are replaced at system
failure.

This case is pertirert tc redurdartsys-

tems where the repair acticr is undertak

er crly at system failure (with single

cr multiple cn lire mairterarce). For

irstance fer the system of Fig. 10 [9],

Pig.10. Three-component system.

if A fails the system is failed and re-
pair undertaken; if B fails repair be-
gins either whern C or A fail, and the
two failed ccmpcrernts are repaired in
succession ir the case of single repair
facility ©or simultarecusly in the case
of multiple reépair facility. The com-
plete MHMM trarsiticr graph is omitted
for the sake of brevity but it could be
built up quite easily following the pre

ceding examples.

4, CONCLUSIONS

The gereral philosophy of the MHMM ap-
prcach is that, by increasirg the num-
ber cf states beycrd twc, mary practi-
cal prcblems can be mcdelled in a natu-
ral way.

The paper has explored in particular the
use of MHMM's in wear-cut prcblems ard
has shcwr that they provide a valuable
tocl both for approximating differert
kirds of wear-cut distributicns erncoun-
tered in the literature, and for mcdel-
ling systems whose componerts are sub-
ject to wear. In this last case some ex
amples have been repcrted which indicate
how to tackle practical situaticns that
carnct be easily faced up by other meth-
ods.
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